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THE BANACH-SAKS INDEX OF INTERSECTION

NOVIKOVA A. 1.}

ABSTRACT. In this paper we estimate Banach-Saks index of intersection of
two spaces with symmetric bases from below by indices of these spaces. We
also show on example of Orlicz spaces that we can’t estimate Banach-Saks
index of intersection in the same way from above.
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1. INTRODUCTION

Banach-Saks p-property has its origin in the classical work of Banach and
Saks [3]. In the sequel a lot of works were devoted to studying of Banach-Saks
p-property in rearrangement invariant spaces (see, for example, [1, 4, 10]). For
sequence spaces instead of rearrangement invariance we can talk about spaces
with symmetric basis. Many authors investigate Banach-Saks p-property in
classic Orlicz, Marcinkiewic and Lorentz sequence spaces ( [2, 8, 9]). Banach-
Saks p-property is closely related with other properties of Banach spaces as
separability, reflexivity, p-convexity and plays an important role in geometry
of Banach spaces. Intersection and sum of two spaces appear naturally in
interpolation theory. This article is devoted to estimating Banach-Saks index
of intersection £ N F' by indices of E and F.

Definition 1. By non-increasing rearrangement of sequence {an}5>, from
co we will mean non-increasing sequence {a}}o° | obtained from the sequence
{lan|}52y by a proper permutation of natural numbers.

Definition 2. Basis {z,}>2, of Banach space E is called symmetric if for ev-
ery permutation © of natural numbers basis {T () }oly s equivalent to {x,}i,
( 6, p.115-136]).
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It’s well-known that for every separable sequence space with symmetric
basis the following inclusion holds Iy C E C ¢y and

2/l < Nzl < [l -

The natural basis of sequence spaces [,,1 < p < oo, is symmetric.

The other examples of the spaces with symmetric basis are Orlicz sequence
spaces. For convex, non-decreasing continuous function M on [0, 00), such
that M(0) =0 and tliglo M (t) = oo (Orlicz function), Orlicz space lj; consists

o

of all sequences x = (z1,x2,...) such that > M(%) < oo for some p > 0.
n=1

Conditions imposed on M make [;; be Banach space equipped with the norm

|2l = inf{p>0: > M ('ij') <1}

n=1
We are interested in separable part hp; of [y, that consists of all sequences

oo

x € lpy such that > M(%) < oo for any p > 0. Structure of sequence Orlicz
n=1

spaces were studied by many authors (see [5, 7]).

Proposition 1. ( [6, 4.a.5]). Let My and My be two Orlicz functions. Then
the following statements are equivalent:

(Z) lM1 = lMg;
(i) IEk>0,K>0,tg>0: V0 <t<tg
K 'My(k~'t) < My(t) < K My (kt).

The second statement means that functions M7 and Ms are equivalent at
zero. So Orlicz sequence space is determined by the behavior of its normalizing
function near zero.

We will consider intersection of two spaces E' and F' with symmetric bases
with its usual norm:

|zl enr = (21, 22, ) |Enr = max([|l| g, [[2]|F)-

The natural basis of £ N F will be also symmetric. It’s known that for two
sequence Orlicz spaces [y, and Iy, intersection Iy, N, = Iy, where M is
equivalent to max(M;, Ma) [6].

Definition 3. We will say that a Banach space X has Banach-Saks p-property
(p-BS property), p > 1, and write X € pBS if every weakly null sequence
{zn} C X contains subsequence {y,} C {xn} and there is a number 0 < C' <
oo such that

m
1

H E kaXngP, m € N.

k=1
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Banach-Saks index of the space X is supremum of p > 1 for which X has p-BS
property:
v(X)=sup{p>1: X € pBS}.

Clearly, every Banach space has 1-BS-property and for every non-separable
space X with symmetric basis Banach-Saks index (X) equals to 1 [10]. In-
deed, if X is non-separable then it contains universal space [, as a subspace.
Further since I by turn also contains a subspaces without p-BS property (for
any p > 1) then [, and X does not have p-BS property.

We will use the famous Rakov criterium of p-BS property.

Theorem 2. [9, Proposition 2]. Let X be a Banach space with symmetric
basis. Then X has p-BS property if and only if the following is true

sup ¢x (n)/n'/? < oo,

where ¢x(n) is a lower bound of numbers ¢ such that any weakly null sequence
{wi}i from X contains n elements {y(;) }i<n, for which holds

I ;kall < criax lZkeyl-
i<n
The next theorem gives a good estimation to Banach-Saks index of Orlicz

spaces in terms of delation index of normalizing Orlicz function M.

Theorem 3. [9, Theorem 4]. Let hyr be an Orlicz sequence space with nor-
malizing function M. Then the following statement is true

M)
i inf 57

=2 & v(hy)=1orhy =1.

2. MAIN RESULTS
Theorem 4. Let E and F be two Banach spaces with symmetric bases. Then
Y(ENF) = min(y(E), y(F)).

Proof. We have to show that if both £ and F' have p-BS property then N F
also has p-BS property. Using theorem 2 we have

¢p(n)
FE epBS & s%p .y

< 00,

where ¢ (n) can be calculated by formula

N
¢p(n) = sup inf HZ%HE
k=1

N
2250 1Znitemn
E

l[#nll=1
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Then observing that ||z||gnr < ||z||g + ||z||F, for z € EN F, we have

N N
benr (V)= s ind (| 2 gl X )] <
i G k=1 k=1
ENF
lenlln=1

) N N
< s it ISl |2 e <

Z’nL)O {xnk}k:l
ENF

llznlln=1
N N
< sup ian H > $nkHE + sup ian H > l‘nkHF <
Ly, ——0 {mnk}kzl =1 an?O {znk}kzl k=1
ENF ENF
lznlln=1 llznln=1
. . N
= Supb (@ m}fN I Z xnkHE v m}fN > xnkHF =
En—0 Wnplk=1 k=1 on—0 FrkSk=1 K=
F
llznlle<1 lznllp<1

= ¢r(N) + ¢r(N).
Thus if £ € pBS and F € pBS then

sup 7%“175") < sup
n

< sup 1(/1,) + sup ¢Fl(/p) < 0

op(n)tér(n) o

nl/p

which means that also £ N F € pBS. So we get
Y(ENF) > min(y(E),v(F)).
O
The following example shows that the opposite inequality can’t be obtained.

Example 1. There exist two Orlicz functions My and My so that y(hy) =
Y(har,) = 1 but hpr, Ny, = lo and thus y(har, N hag) = 2.

Proof. Let ug, = % (ug = %‘Uk—1)7 k=1,2,... Consider continuous piecewise
linear function f(t) so that its linear parts are tangents to g(t) = t? at points
{uk}‘l’o, ie.
Up + U Un—1+ U
f(t) = 2unt — u when t € [ +2 il o 12+ 2,

n €N,

Un+Un—1

(see figure 1). Denote v, = =5

Take
[t t € [up+1,un|,n is odd or t € [1,00),
My(t) = { f(t), otherwise;
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FIGURE 1. Graphs of f(t) and 2 (uq3 = lius = 1/2,u3 =
1/6,’02 = 3/4,’03 = 1/3.)

and
Mo (t) = 2, t € [upy1,un),n is even or t € [1, 00),
2 f(t), otherwise;

(see figure 2).
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FIGURE 2. Graphs of M (t) and Mas(t).

Functions M7 and Ms are continuous, increasing and convex, hl’l(l) M o(t) =
t— ’

0. We are interested in behavior of these functions when ¢ tends to zero. Taking
t = v, we have % > Uy (Up + Up—1 > dup, k- up > 3uy), n > 3. Thus

2 < liminf 2@ < jiy 2l _
t—0 1(t) k—o00 Ml(?)
k—even
— lim Yol iy el
koo UkVE—UL k—oo Wk—17Uk
k—even g—even
= lim = 2.
et 117k

k—even
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Hence by theorem 3 we have (hpr,) = 1 and similarly v(har) = 1. But
har, N hy, = hmax(Ml,Mg) = hp2 =y and ’y(h]\/[l N hMQ) = ")/(lg) = 2.

O
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