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NEW RECURRENCE RELATIONSHIPS BETWEEN
ORTHOGONAL POLYNOMIALS WHICH LEAD TO NEW
LANCZOS-TYPE ALGORITHMS

MUHAMMAD FAROOQ', ABDELLAH SALHI?

ABSTRACT. Lanczos methods for solving Ax = b consist in constructing
a sequence of vectors (xx),k = 1,... such that rpy = b — Axy = Pr(A)ro,
where Py is the orthogonal polynomial of degree at most k with respect to
the linear functional ¢ defined as c(£%) = (y, A'ro). Let P,(:) be the regular
monic polynomial of degree k belonging to the family of formal orthogonal
polynomials (FOP) with respect to ¢V defined as ¢V (¢%) = ¢(£+1). All
Lanczos-type algorithms are characterized by the choice of one or two
recurrence relationships, one for P, and one for P;CI). We shall study some
new recurrence relations involving these two polynomials and their possible
combinations to obtain new Lanczos-type algorithms. We will show that
some recurrence relations exist, but cannot be used to derive Lanczos-type
algorithms, while others do not exist at all.

Key words: Lanczos algorithm, formal orthogonal polynomials, linear sys-
tem, monic polynomials.

AMS subject: Primary 65F10.

1. INTRODUCTION

In 1950, C. Lanczos [26] proposed a method for transforming a matrix into
an equivalent tridiagonal matrix. We know, by Cayley-Hamilton theorem, that
the computation of the characteristic polynomial of a matrix and the solution
of linear equations are equivalent, Lanczos, [27], in 1952 used his method for
solving systems of Linear equations.

Since then, several Lanczos-type algorithms have been obtained and among
them, the famous conjugate gradient algorithm of Hestenes and Stiefel, [24],
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when the matrix is Hermitian, and the bi-conjugate gradient algorithm of
Fletcher, [20], for the general case. In the last three decades, Lanczos algo-
rithms have evolved and different variants have been derived, [2, 3, 5, 7, 10,
11, 12, 13, 14, 22, 23, 28, 29, 30, 32, 35, 37].

Although Lanczos-type algorithms can be derived by using linear algebra
techniques, the formal orthogonal polynomials (FOP) approach is perhaps the
most common for deriving them. In fact, all recursive algorithms implementing
the Lanczos method can be derived using the theory of FOP, [5].

A drawback of these algorithms is their inherent fragility due to the nonex-
istence of some orthogonal polynomials. This causes them to breakdown well
before convergence. To avoid these breakdowns, variants that jump over
the nonexisting polynomials have been developed; they are referred to as
breakdown-free algorithms, [10, 11, 21, 23, 30, 37]. Note that it is not the
purpose of this paper to discuss this breakdown issue although it will be high-
lighted when necessary.

Two types of recurrence relations are needed: one for Pg(x) and one for

ngl)(m), [2]. In [1, 2], recurrence relations for the computation of polynomials

Py (z) are represented by A; and those for polynomials P,(Cl)(x), by B;. Table
1 and Table 2 below give a comprehensive list.

C. Baheux and C. Brezinski have exploited some of the polynomial rela-
tions which involve few matrix-vector multiplications. In their work, the only
relations that they studied were those where the degrees of the polynomials in
the right and left hand sides of the relation differ by ONE or TWO at most.
We are studying relations where the difference in degrees is TWO or THREE.
For full details of these relations, see [16]. The following notation has been
introduced in [1, 2]. We will adopt it here and extend the list accordingly.



TABLE 1. Computation of A; and B; from different polynomi-
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als [1]

Relation A; | Computation of P from | Relation B; | Computation of Plgl) from
Ay Pro PV B Py P,
A Pro P By Pio  PY
As Py 2 P;il) B3 Py Py
Ay Py o P By Py o Py
As P,ﬁl,) Py Bs P,ﬁl,) P,El,)l
Ag Pﬁ) Plglf)1 Bs P]gi)z Plglf)l
Ay PV pY By rY P,
Ag P,ﬁl,)l Py Bg P,ﬁl,)l Py
Ag Py P;il) By Py Py
Aqg P,El,)l P;il) Bio P,il,)l Py

TABLE 2. Polynomials used in the computation of new rela-

tions A; and B;

Relation A; | Computation of P from | Relation B; | Computation of P,gl) from

Aqy Py_3 P,El_)l By Py_3 Py
Aqz P2 Py 3 Bia P2 Pi—3
A3 Py o P,Sl,)g B3 P,ﬁl,) P,El,)?,
Ay rY, P Bu Py Py
Ais P,ﬁl,)g P,il,)l Bis Py P,El,)Q
A Py P,§1_)2 Big P,§1_)2 Py
Arr Py P,El,) -

Aig P, lgl—)l P, 151—)2 -

Aqg P,§1_)2 Py -

The paper is organized as follow. Section 2, briefly recalls the Lanczos al-
gorithm. Section 3, derives some of the possible recurrence relations A; and
Bj given in Table 2 and their combination to obtain Lanczos-type algorithms.
It also discusses two recurrence relations which although exist and satisfy the
normalization and orthogonality conditions, cannot be used for the computa-
tion of r; and hence x;. Section 4 is the conclusion.
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2. THE LANCZOS ALGORITHM

Consider a linear system in R"™ with n unknowns
Ax =b. (1)

Lanczos method, [2, 11, 12, 27], for solving (1), consists in constructing a
sequence of vectors x; as follows.
e choose two arbitrary vectors xg and y # 0 in R",
e set rg = b — Axq,
e determine x;, such that
x), — Xo € B, = span(rg, Arg, ..., A¥"1ry)
ry = b — Ax, LF, = span(y, Aly, ..., ATkily)
where AT is transpose of A.
X — X can be written as

X —Xg = —Qqirg — -+ — akAkflro.

Multiplying both sides by A, adding and subtracting b and simplifying, we
get
rp = ro+ anArg + - - - + ap AFrg

and the orthogonality condition above give

(ATiy, rpy)=0fori=0,..., k1,

which is a system of k linear equations in the k& unknowns aq,...,ap. This
system is nonsingular only if ry, Arg, ..., A* 'rg and y, ATy, ..., ATkily are
linearly independent.

If we set

Pr(é) =14 an€ + - + ot

then we have
ri = Pr(A)ro.
Moreover, if we set
¢ = (y, A'rp) for i=0,1,. ..
and we define the linear functional ¢ on the space of polynomials by
c(€Y) = ¢; for i=0,1,. ..

then the preceding orthogonality conditions can be written as

c(&'Py,) = 0 for i=0,...,k — 1.

These relations show that Pj is the polynomial of degree at most £ belonging
to the family of orthogonal polynomials with respect to c, [4]. This polynomial
is defined apart from a multiplying factor which was chosen, in our case, such
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that Py(0) = 1. With this normalization condition, Py exists and is unique if
and only if the following Hankel determinant

cl [6)) e CL
C C DY c
H(l) B 2 3 k+1
PR .
Ck Ck+1 -+ C2k—1

is different from zero.
Let us now consider the monic polynomial P,(Cl) of degree k belonging to

the FOP with respect to the functional ¢! defined by ¢ (&%) = ¢(¢£+1). P,(:)

exists and is unique, if and only if the Hankel determinant Hl(:) = 0, which is
the same condition as for the existence and uniqueness of Pj.

A Lanczos-type algorithm consists in computing Pj recursively, then r
and finally x; such that rpy = b — Axy, without inverting A, which gives the
solution of the system (1) in at most n steps, in exact arithmetic where n is
the dimension of the system of linear equations, [5, 11].

1
3. RECURSIVE COMPUTATION OF Pj AND P,(f)

The recursive computation of the polynomials Py, needed in the Lanczos
method, can be achieved in many ways. We can use the usual three-term recur-

rence relation, or the relation involving the polynomials of the form P,(Cl) . Such
recurrence relations lead to all known algorithms for implementing Lanczos-
type algorithms. For a unified presentation of all these methods based on the
theory of FOP, see [2, 11, 16].

We need two recurrence relations, one for Pj, and one for P,il). All Lanczos-
type algorithms are characterized by the choice of these recurrence relation-
ships. In the following we will discuss some of these recurrence relations for
Py, [16], and derive new recurrence relationships between adjacent orthogonal
polynomials, [1, 2, 4, 5, 6, 12, 34], which can be used to design new Lanczos-
type algorithms, as has been shown in [2, 11, 16]. Note that the term “Lanczos
process” and “Lanczos-type algorithm” are used interchangeably throughout
the paper.

3.1. Relations A;. We will follow the notation explained in Section 1. First
we will derive relations A; (¢ > 10 ) for P, which can be used to find ry
and then x; without inverting A, the matrix of the system to be solved. We
will only try to find the constant coefficients of recurrence relations which can
be used for the implementation of Lanczos-type algorithms. If a recurrence
relation exists but cannot be used for such an implementation, then there is
no need to calculate its coefficients. The reason for that will be given. Note,
however, that when a recurrence relation exists and can be computed, leading
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therefore to a Lanczos-type algorithm, the algorithm may still break down for
two reasons:

1. There is a loss of orthogonality as in most known Lanczos-type algorithms,
[28, 33].

2. When coefficients involving determinants in their denominators, these de-
terminants may be zero (or rather, in practice, just close to zero). This kind of
breakdown is called ghost breakdown, [7, 8]. It may be cured by conditioning
[31, 25, 36]. This is not considered here. Note that restarting and switching
strategies, as presented in [16, 18, 19], can cure both types of breakdown.

In the following P stands for Py(x) and P,gl) for Pél)(m). But, before we
derive the relations A; and B;, we first define the notion of “orthogonal poly-
nomials sequence”, [15].

Definition 1. A sequence {P,} is called an orthogonal polynomial sequence
with respect to the linear functional ¢ if, for all nonnegative integers m and n,
(1) P, is polynomial of degree n,

(13) c(z™P,) = 0, for m # n,
(131) c(x"Py,) # 0.

3.1.1. Relation Ay;. As explained earlier, we follow up from what is already
known up to Ajg, [1]. A1; is therefore the natural follow up relation. Consider
the recurrence relationship

Pip() = (Apa® + Bia® + Cra + D) Po_s(x) + (Egx + Fp) P (2),  (2)

where Py, P,El_)l and Py_3 are polynomials of degree k, k — 1 and k — 3 respec-
tively.

Proposition 3.1: Relation of the form A;; does not exist.

Proof: Let us see if all coefficients of (2) can be identified. If % is a polynomial
of exact degree ¢ then

Vi=0,....,k—1, c(z'P) = 0. — (C})
Vi=0,....k—2 D@ PY) =0 — (Cy)
Vi=0,....,k—4, c(z'Py_3) = 0. — (C3)
where ¢ and ¢(V) are defined respectively as follows.
c(z') = ¢;. — (Cy)
W (@) = e(@™*h). — (Cs)

Since Py(0) = 1, Vk, then for z = 0, equation (2) becomes

1=Dk+FkP(1_) (0) (3)
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Multiplying both sides of equation (2) by ¢ and applying c using the condition
(C5) where necessary, it can be written as

c(x'Py) = Apc(2"3 Py_3) 4+ Bre(x™2Py_3) + Cre(z ™ Py_3) (4)
+ ch(a?ipkfg) + Ekc(l)(fﬂipél_)l) + ch(wiplgl—) )-

For i = 0, equation (4) gives 0 = Fie(P{Y)). Since ¢(P{")) # 0, [4, 9] then
Fj, = 0. Hence from (3), we have Dy = 1.

Equation (4) is always true for i =1, ...,k — 7 by (C2) and (C3).

For i = k—6, (4) becomes Apc(x¥~3P;,_3) = 0, as all other terms vanish due to
conditions (C1), (C2) and (C3). But, according to condition (iii) of definition
1 in Section 3.1, c(z*~3Py_3) # 0, therefore, A; = 0.

For i = k — 5, (4) becomes Byc(x*3Py_3) = 0. Since c(z*3P,_3) # 0,
By, = 0.

For i = k — 4, (4) becomes Crc(z*3P,_3) = 0. Since c(z*3Py_3) # 0,
Ck = 0. Putting values of Ay, By, C, Dy and F} in equation (4), we get

c(z'Py) = c(z' P_3) + Ekc(l)(a:iP,gl_) ).

For ¢« = k — 3, this equation becomes

c(a:k*BPk) = c(mk*3Pk_3) + Ekc(l)(azk*:)’P,gl_)l).

Using (C1) and (Cy), both c(zF¥=3P) = 0 and c(l)(xk‘*zj’P,El_)l) = 0, therefore
we get

C($k_3pk—3) = 07
which is impossible due to condition (#i7) of definition 1 given in Section 3.1.
Therefore, Proposition 3.1 holds.

3.1.2. Relation A15. Consider the following recurrence relationship for k > 3,
Py(x) = Ag[(2® + Bya+ C) Py—a(2) + (D’ + Bga® + Fya+Gy) Pr—3(2)], (5)
This recurrence relation has been considered in [16, 17].

3.1.3. Relation Ai3. Consider the following recurrence relationship
Py(2) = Apl(@®+ By +Ci) Pes (@) + (Dya® + Ega® + Fra+ Go) P, ()], (6)

where Py, P;_o and P(i)g are orthogonal polynomials of degree k, k — 2 and
k — 3 respectively and Ag, By, Ci, Di, Er, Fi, and GG are constants to be
determined using the normalization condition P, (0) = 1 and the orthogonality
condition (Ch).

Proposition 3.2: Relation of the form A3 exists.

Proof: We know that

Vi=0,...,k—1, D@ PY)y =0, — (Cp)
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Since Yk, P,(0) = 1, equation (6) gives
1= A[Ch + GrP5(0)]. (7)
Multiplying both sides of (6) by z* and then applying the linear functional c,
we get
c(2'Py) = Apc(x"2Py_s) + Bre(x 1Py _o) + Cre(2' Py_o)
+ D (242 P + Bre® (211 P, + Fre® (27 PUY,) + Gre(2i PLY,)).
(8)
For i = 0, equation (8) becomes, 0 = ch(P,gi)3). Since c(P,££)3) # 0, this
implies that Gy = 0. Therefore, from equation (7) we have A = Cik
The orthogonality condition (C1) is always true for i = 1,...,k — 6.
For i = k — 5, we have Djc)(z#=3P{),) = 0, which implies that D = 0.
For i = k — 4, (8) becomes c(xF 2P, _5) + Ekc(l)(mk_gplgl_)g) =0,

c(zF 2Py )
c(l)(mk—‘r“Pﬁ)g)

= —

For i = k — 3, (8) gives
Bre(aF 2Py _o) + FeW (ak 3P,

(9)
— —c(z* 1 Py_g) — EpcW (zF2pY,).
For i = k — 2, (8) becomes
Bre(aF 1Py _y) + Cre(ab2Py_y) + Fre® (aF-2P,) 10)
= —c(xFPy_y) — Ekc(l)(mk_lPél_)?)).
For i =k — 1, we get
Bye(z¥ Py_g) + Cre(xF 1 Py_s) + ch(l)(xk_lP]gl_)g)) (11)

= —C($k+1Pk_2) — Ekc(l)(:ckpél_)g)).

Let aq1, a21, as1, ai2, ag, aze and ai3, as3, azz be the coefficients of By, Cj
and Gy, in equations (9), (10) and (11) respectively and suppose by, by and b3
are the corresponding right hand side terms of these equations. Then we have

a1 = c(a*2Py_y), a12 =0, a13 = C(l)(xkfgnglf)?))’
az = (@ 1Py ), ase = c(2*2P;_s), azs = c(l)(xk72pé17)3)’
az1 = c(x¥Py_2), aza = c(2F ' Py o), azz = 6(1)(96/@71]3,51_)3)7
b = —c(@" " Pys) — EpeW (a2 P, by = —c(at Py _g) — BreM (a5 LP(Yy),
by = —c(z*1P,_o) — Ekc(l)(IkP/gl_) ),
a1 By + 0Cy + ai3Fy, = by, (12)
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a21 By, + a22C, + agsFj = ba, (13)
a31 By + a32C), + azzF), = bs. (14)

If Ay represents the determinant of the coefficients matrix of the above system
of equations then we have

Ay = a11(azeazs — azza23) + a1z(aziasz — aziazs).
If A # 0, then

B, — [b1(ag2a33 — azzaz3) + a13(baasz — bzass)]
k — Ak Y

b1 — a11 By
Fk = 5
ais

by — a21B), — asly,
CL =
as

and

Hence,
Pu(x) = Apl(2® + Bz + Cx) Pe_a(2) + (Bea® + Fra) Py (2)]. (15)

Hence, relation Aq3 exists. It therefore, can be used to implement the Lanczos
process.

Remark 1: If A; = 0 then we cannot estimate coefficient By, which means
relation A3 may not exit. However, it may exist, but for one or more of its
coefficients which cannot be estimated for numerical reasons. This would be
a case of ghost breakdown.

3.1.4. Relation A14. Consider the following recurrence relationship
Py(z) = Apl(@®+Bya+Cr) By (@) + (Dya®+ By + Fra+ Gi) By (@), (16)

where Py, P,gl_)Q and P,gl_)?) are orthogonal polynomials of degree k, kK — 2 and
k — 3 respectively and Ay, Bg, Ck, Dy, Fr, F, and G} are constants to be
determined using the normalization condition P,(0) = 1 and the orthogonality
conditions (C4) and (Cg).

Proposition 3.3: Relation of the form Aj4 exists.

Proof: Since VEk, P,(0) = 1, equation (16) gives

1= ARG P, (0) + G PV, (0). (17)



70 Muhammad Farooq, Abdellah Salhi

Multiplying both sides of equation (16) by 2 and then applying the linear
functional ¢ and using condition (C5), we get

c(@ Py) = AgleW (@ 1PY)) + BreM (27 PYy) + Cre(a' PY)
+ch(1)(xi+2pk(;l_)3) + Ekc(l)(xi+1P]§1_)3) + ch(l)(xiplgl_)?)) + GkC(.’EiP]gl_)g)].
(18)
For i = 0, equation (18) becomes
Cre(PM,) + Gre(PY,) = 0. (19)
The orthogonality condition for (18) is always true for i = 1,...,k — 6.
For i = k—5, we get Die® (2F-3P,) = 0. Since ¢ (z#-3P{V,) # 0, Dy, = 0.

For i = k — 4, Ekc(l)(xk_SP,gl_)y)) = 0. Since c(l)(xk_3P,§1_)3) # 0, we have
Ej, = 0.

For i = k — 3,
ch(l)(x’“*?’P;gl_)g) + ch(:x’“’g’P;gl_)g) = _C(l)($k72pkgl—) )- (20)
For i =k — 2,

Bkc(l)($k_2P,££)2) + C’kc(xk_QPk(i)Q) + ch(l)(mk_zplgg)

(21)
+ch(xk_2P,§1,)3) = —C(l)(f’fk_lplgg)'
Fori=k—1,
Bkc(l)(xkflPlil_)g) + Ckc(xkilplgl—é) + ch(l)(xkilplgl—)?)) (22)

+Gye(ab 1Py = —eM 2k P,

The values of Ay, By, Ci, Fy and G can be obtained by solving equations
(17), (19), (20), (21) and (22). Hence

Py(x) = Agl(2? + Ba + Cr) P, () + (Fra + Gi) Py (2)).

Now multiplying both sides of the above relation by rg, replacing z by A and
using the relations ry = Py(A)rg and z; = P,gl)(A)ro, we get

r = Ak[(A2 + BrA+ Crl)zg—o + (F A+ le)zk_g]. (23)
Using rp = b — Axy, we get from the last equation
Axp =b — Ak[(A2 + BrpA + CkI)Zk_g + (FkA + GkI)Zk_g}. (24)

From this relation it is clear that we cannot find x; from r; without inverting
A. Hence, this recurrence relation exist as stipulated by Proposition 3.3. But,
it is not desirable to implement a Lanczos-type algorithm.

For recurrence relations Ais, Aig, A17, A1g and A9 and their corresponding
coefficients, consult [16].
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3.2. Relations B;. Now we consider relations of the type B; which have not
been considered before, [1, 2|, i.e B; with j > 10. These relations, when they
exist will be used in combination with relations A; to derive further Lanczos-
type algorithms as explained in [16].

3.2.1. Relation By1. Consider the following recurrence relationship
PN (@) = (Apa® + Bra® + Cya + Dy)Pys(x) + (Ega + Fy)Pe_y(z), (25)

where P,gl)(x), Pi._1(x) and Py_3(z) are orthogonal polynomials of degree k,
k —1 and k — 3 respectively.

Proposition 3.4: Relation of the form Bq; does not exist.

Proof: Let x! be a polynomial of exact degree i then

Vi = 0, ce ,k - 4, C(.TiPk_g) =0.— (010)

Multiply both sides of equation (25) by x' and applying ¢ and also using
condition (Cs) where necessary, we get

c(l)(xiPlgl)) = Apc(z4P_3) + Bre(z3Py_3) + Cre(2'2 Py, _3)

; . : 26
+DkC(ZL'H_1P]€_3) + EkC(ZL'Z—’_ZPk_l) + FkC(:UZ+1Pk_1). ( )

The relation (26) is always true for i = 0,...,k — 8.
For i = k — 7, we have Apc(z*3P,_3) = 0. Which implies A;, = 0, because
c(zF 3Py 3) # 0.

Similarly fori = k—6,7=k—5,7=k—4 and i = k— 3, we get respectively
B, =0, C, =0, D, =0and E, = 0. But P,gl)(m) is a monic polynomial
of degree k and we see that Ay = 0. Therefore £y, = 1. If B, = 0 then
P,gl)(az) is no more of degree k as the degree of the P,gl) depends on A;, and
E}, and we know that A, = 0 and if £}, = 1 then c¢(z*"'P,_;) = 0 which is
also impossible. Similarly for ¢ = k — 2, we get F = 0 and if E; = 0, then
P,gl) = 0. Hence, relation By; does not exist and, therefore, Proposition 3.4
holds.

Recurrence relation Bjg has been explored in [16].

3.2.2. Relation Bis. Consider the following recurrence relationship
P (@) = (Aa®+ Bra®+Crar+ D) By (0)+ (B + B+ Gh) By (), (27)

where P,E,l)(q:), P,gl_)Q (z) and P,gl_)g (z) are orthogonal polynomials of degree k,
k — 2 and k — 3 respectively.

Proposition‘3.5: Relation of the form Bi3 exists.

Proof: Let z* be a polynomial of exact degree ¢ then

Vi=0,...,k—3, D@ PM) =0 — (Cn)
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Multiply both sides of equation (27) by 2* and applying W we get
c(l)(gjiP’gl)> _ Akc(l)($i+3P/§i)3) + Bkc(l)(xi+2pl§£)3) + Ckc(l)(xi—l-lplsl_)g)
—l—ch(l)(azZP,gl_)g) + Ekc(l)(x“rQPél_)Q) + ch(l)(z”lPég) + ch(l)(a:’P,gl_)Q).

(28)

The orthogonality condition is always true for ¢ =0, ...,k — 7.

Fori=F% — 6 we get Akc(l)( k_3P,§1_)3) = 0, which implies that Ay =0 as

M (zh- 3P 3) 7 0. But P( )( ) is a monic polynomial of degree k. Therefore

B = 1.

For i = k—5, we get Bkc(l)(xk*E}P,gl_)?)) = 0. Since ¢V (zF~ 3P 3) #0, B, = 0.

For i = k — 4, we have

o (1

D (gk 2PIQQ)

Cp=—" T k2
c(l)(:ck*?’P,gl_)i,))

For i = k — 3, we get
ch(l)(xk_3Pl§17)3) + ch(l)($k_2Pl§£)2) = —c(l)(xk_lplgg) - Ckc(l)(xk_QP,gi)3).

(29)
For i = k — 2, (28) becomes
ch(l)(mk—QP]gl_)?)) + ch(l)(ﬂzk_lplgll_)Q) + ch(l)(xk—2p(%)2) (30)
= —c<1)(IkP1§—)2) — CpeD (@1 P ).
For i =k — 1, (28) gives
D@ B+ BB + G A ) )

= —c(l)(kaPég) - Ckc(l)(ka££)3).

Let a}; = c(l)(:nk*3Pl§17)3), using (C5), a}; = c($k*2Pl§17)3). By the same condi-
tion we can write,
1 p0
au—&nk%ﬂw e(at 1 PY,), aly = 0,
_ 10 1
= D (zh— 2P Y 5) = c(a” 1P,§ ) ), ahy = ) (zF 1P,532) = c(a:kPIQQ),

-3
a23 = C(l)(ka 2P(1 = aly, ag = (1)( b 1P1§1_)3) = C(xkpél)g)
=V (wk ) C(kaP/El_)Q)a agy = ctt )(xkflpig—)ﬂ = ajy,
1)(33 IP(D 9) — Ckc( )(xk 2Pl§1—3) = —ayy — ay Ck,
—cW(zF Py = Cre® (2#1PY,) = —aby — aly Ch,
%— (@1 PY,) — Cre (F Py,

Then equations (29), (30) and (31) become
a1y Dy + ay Fy, = b, (32)
ayy Dy + ay Fi, + afy G, = by (33)



New recurrence relationships between orthogonal polynomials 73

and
ay Dy + a9 Fy, + a3 G = bh. (34)
If A} is the determinant of the coefficient matrix of the equations (32), (33)
and (34) then
k= ah1(agass — ajyahs) — ais(ay ass — aj ads).
If A} # 0, then

/ ! ! / ! !/ / ] / ]
Dy = b(anass — ajpans) — ajy(bhass — byasg)

A ’
Fk — b/l — allle
ajy
and
G = by — ay Dy — ay F,
dag .
Hence, relation (27) can be written as
P (x) = (Cra + D) PYy(@) + (2 + Fx + G Py (), (35)

and, therefore, exists as stipulated in Proposition 3.5.
Remark 2: For the case where A} = 0, please consult Remark 1 above.

For recurrence relations B4, B1s and Big and their corresponding coefficients,
see [16].

4. CONCLUSION

In this paper, we looked in a systematic way at new recurrence relations
between FOPs which have not been considered before. In particular, we have
shown that relations A1, A17, B11 and Bio do not exist; relations Aq4, A1s,
Ajg and By exist but are not suitable for implementing new Lanczostype
algorithms; and relations A2, A13, A1g, A19, B1s, Bis and Big exist and can
be used for the implementation of new Lanczos-type algorithms, [16]. Relation
Ajo is self-sufficient and leads to a new Lanczos-type algorithm on its own,
[17], while the rest of the relations can lead to Lanczos-type algorithms when
combined in A;/Bj fashion. Possible combinations, which are studied in [16],
are:

Ay3/ B3, A13/Bis, Ai3/Bise,
A6/ B3, A6/ Bis, Ais/Bie,
Ay9/ B3, A19/Bis, Aig/Bis.
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