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WEIGHTED HOMOGENEOUS POLYNOMIALS WITH
ISOMORPHIC MILNOR ALGEBRAS

IMRAN AHMED1

Abstract. We recall first some basic facts on weighted homogeneous
functions and filtrations in the ring A of formal power series. We in-
troduce next their analogues for weighted homogeneous diffeomorphisms
and vector fields. We show that the Milnor algebra is a complete invariant
for the classification of weighted homogeneous polynomials with respect to
right-equivalence, i.e. change of coordinates in the source and target by
diffeomorphism.
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1. Introduction

Let f ∈ C[x1, . . . , xn] be a weighted homogeneous polynomial of degree d

w.r.t weights (w1, . . . , wn) and fi = ∂f
∂xi

, i = 1, . . . , n its partial derivatives.
The Milnor algebra of f is defined by

M(f) =
C[x1, . . . , xn]

Jf
,

where Jf = 〈f1, . . . , fn〉 is the Jacobian ideal.
We say that two weighted homogeneous polynomials f, g : Cn → C are R-

equivalent if there exists a diffeomorphism ψ : Cn → Cn such that f ◦ ψ = g.
We recall first some basic facts on weighted homogeneous functions and

filtrations in the ring A of formal power series. We introduce next their ana-
logues for weighted homogeneous diffeomorphisms and vector fields.
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In Theorem 2 we show that two weighted homogeneous polynomials f and
g having isomorphic Milnor algebras are right-equivalent. The Example of
Gaffney and Hauser, in [3], suggests us that we can not extend this result for
arbitrary analytic germs.

2. Preliminary Results

We recall first some basic facts on weighted homogeneous functions and
filtrations in the ring A of formal power series. We introduce next their ana-
logues for weighted homogeneous diffeomorphisms and vector fields. For a
more complete introduction see [1], Chap. 1, §3.

A holomorphic function f : (Cn, 0) → (C, 0) (defined on the complex space
Cn) is a weighted homogeneous function of degree d with weights w1, . . . , wn

if
f(λw1x1, . . . , λ

wnxn) = λdf(x1, . . . , xn)∀λ > 0.

In terms of the Taylor series
∑

fkx
k of f , the weighted homogeneity con-

dition means that the exponents of the nonzero terms of the series lie in the
hyperplane

L = {k : w1k1 + . . . + wnkn = d}.
Any weighted homogeneous function f of degree d satisfies Euler’s identity

n∑

i=1

wixi
∂f

∂xi
= d.f (1)

It implies that a weighted homogeneous function f belongs to its Jacobean
ideal Jf . The necessary and sufficient conditions of a function-germ f :
(Cn, 0) → (C, 0) to be equivalent to a weighted homogeneous function-germ
are f ∈ Jf , which is the well known result of Saito [5].

Consider Cn with a fixed coordinate system x1, . . . , xn. The algebra of
formal power series in the coordinates will be denoted by A = C[[x1, . . . , xn]].
We assume that a weighted homogeneity type w = (w1, . . . , wn) is fixed. With
each such w there is associated a filtration of the ring A, defined as follows.

The monomial xk is said to have degree d if < w, k >= w1k1+. . .+wnkn = d.
The order d of a series (resp. polynomial) is the smallest of the degrees of

the monomials that appear in that series (resp. polynomial).
The series of order larger than or equal to d form a subspace Ad ⊂ A. The

order of a product is equal to the sum of the orders of the factors. Conse-
quently, Ad is an ideal in the ring A. The family of ideals Ad constitutes a
decreasing filtration of A: Ad́ ⊂ Ad whenever d́ > d. We let Ad+ denote the
ideal in A formed by the series of order higher than d.

The quotient algebra A/Ad+ is called the algebra of d-weighted jets, and its
elements are called d-weighted jets.
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Several Lie groups and algebras are associated with the filtration defined
in the ring A of power series by the type of weighted homogeneity w. In the
case of ordinary homogeneity these are the general linear group, the group of
k-jets of diffeomorphisms, its subgroup of k-jets with (k − 1)-jet equal to the
identity, and their quotient groups. Their analogues for the case of a weighted
homogeneous filtration are defined as follows.

A formal diffeomorphism g : (Cn, 0) → (Cn, 0) is a set of n power series
gi ∈ A without constant terms for which the map g∗ : A → A given by the
rule g∗f = f ◦ g is an algebra isomorphism.

The diffeomorphism g is said to have order d if for every s

(g∗ − 1)As ⊂ As+d.

The set of all diffeomorphisms of order d ≥ 0 is a group Gd. The family
of groups Gd yields a decreasing filtration of the group G of formal diffeo-
morphisms; indeed, for d́ > d ≥ 0, Gd́ ⊂ Gd and is a normal subgroup in
Gd.

The group G0 plays the role in the weighted homogeneous case that the full
group of formal diffeomorphisms plays in the homogeneous case. We should
emphasize that in the weighted homogeneous case G0 6= G, since certain dif-
feomorphisms have negative orders and do not belong to G0.

The group of d-weighted jets of type w is the quotient group of the group of
diffeomorphisms G0 by the subgroup Gd+ of diffeomorphisms of order higher
than d: Jd = G0/Gd+.

Note that in the ordinary homogeneous case our numbering differs from the
standard one by 1: for us J0 is the group of 1-jets and so on.

Jd acts as a group of linear transformations on the space A/Ad+ of d-
weighted jets of functions. A special importance is attached to the group J0,
which is the weighted homogeneous generalization of the general linear group.

A diffeomorphism g ∈ G0 is said to be weighted homogeneous of type w if
each of the spaces of weighted homogeneous functions of degree d (and type
w) is invariant under the action of g∗.

The set of all weighted homogeneous diffeomorphisms is a subgroup of G0.
This subgroup is canonically isomorphic to J0, the isomorphism being provided
by the restriction of the canonical projection G0 → J0.

The infinitesimal analogues of the concepts introduced above look as follows.
A formal vector field v =

∑
vi∂i, where ∂i = ∂/∂xi, is said to have order d

if differentiation in the direction of v raises the degree of any function by at
least d: LvAs ⊂ As+d.

We let gd denote the set of all vector fields of order d. The filtration aris-
ing in this way in the Lie algebra g of vector fields (i.e., of derivations of the
algebra A) is compatible with the filtrations in A and in the group of diffeo-
morphisms G:



Weighted homogeneous polynomials with isomorphic Milnor algebras 109

1. f ∈ Ad, v ∈ gs ⇒ fv ∈ gd+s, Lvf ∈ Ad+s

2. The module gd, d ≥ 0, is a Lie algebra w.r.t. the Poisson bracket of vector
fields.
3. The Lie algebra gd is an ideal in the Lie algebra g0.
4. The Lie algebra jd of the Lie group Jd of d-weighted jets of diffeomorphisms
is equal to the quotient algebra g0/gd+.
5. The weighted homogeneous vector fields of degree 0 form a finite-dimensional
Lie subalgebra of the Lie algebra g0; this subalgebra is canonically isomorphic
to the Lie algebra j0 of the group of 0-jets of diffeomorphisms.

The support of a weighted homogeneous function of degree d and type w is
the set of all points k with nonnegative integer coordinates on the diagonal

L = {k : 〈k, w〉 = d}.
Weighted homogeneous functions can be regarded as functions given on their

supports:
∑

fkx
k assumes at k the value fk. The set of all such functions is a

linear space Cr, where r is the number of points in the support. Both the group
of weighted homogeneous diffeomorphisms (of type w) and its Lie algebra a
act on this space.

The Lie algebra a of a weighted homogeneous vector field of degree 0 is
spanned, as a C-linear space, by all monomial fields xP ∂i for which < P,w >=
wi. For example, the n fields xi∂i belong to a for any w.

Example 1. Consider the weighted homogeneous polynomial f = x2y + z2

of degree d = 6 w.r.t. weights (2, 2, 3). Note that the Lie algebra of weighted
homogeneous vector fields of degree 0 is spanned by

a = 〈xP ∂i :< P, w >= wi, i = 1, 2, 3〉 = 〈x ∂

∂x
, x

∂

∂y
, y

∂

∂x
, y

∂

∂y
, z

∂

∂z
〉

3. Main Results

We recall first Mather’s lemma providing effective necessary and sufficient
conditions for a connected submanifold (in our case the path P ) to be con-
tained in an orbit.

Lemma 1. ([4]) Let m : G × M → M be a smooth action and P ⊂ M a
connected smooth submanifold. Then P is contained in a single G-orbit if and
only if the following conditions are fulfilled:
(a) Tx(G.x) ⊃ TxP , for any x ∈ P .
(b) dimTx(G.x) is constant for x ∈ P .

For arbitrary (i.e. not necessary with isolated singularities) weighted ho-
mogeneous polynomials we establish the following result.
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Theorem 2. Let f, g be two weighted homogeneous polynomials of degree d

w.r.t. weights (w1, . . . , wn) such that Jf = Jg. Then f
R∼ g, where R∼ denotes

the right equivalence.

Proof. Let Hd
w(n, 1;C) be a space of weighted homogeneous polynomials from

Cn to C of degree d w.r.t weights (w1, . . . , wn). Let f, g ∈ Hd
w(n, 1;C) such

that Jf = Jg. Set ft = (1−t)f+tg ∈ Hd
w(n, 1;C). Consider theR-equivalence

action on Hd
w(n, 1;C) under the group of 1-jets J0, we have

Tft(J0.ft) = C〈xP ∂ft

∂xi
; i = 1, . . . , n and < P,w >= wi〉 (2)

Note that Tft(J0.ft) ⊂ Jft ∩Hd
w. But Jft ∩Hd

w ⊂ Jf ∩Hd
w since

∂ft

∂xi
= (1− t)

∂f

∂xi
+ t

∂g

∂xi
∈ (1− t)Jf + tJg = Jf (because Jf = Jg)

Therefore, we have the inclusion of finite dimensional C-vector spaces

Tft(J0.ft) = C〈xP ∂ft

∂xi
; i = 1, . . . , n and < P, w >= wi〉 ⊂ Jf ∩Hd

w (3)

with equality for t = 0 and t = 1.
Let’s show that we have equality for all t ∈ [0, 1] except finitely many values.
Take dim(Jf ∩ Hd

w) = m (say). Let’s fix {e1, . . . , em} a basis of Jf ∩ Hd
w.

Consider the m polynomials corresponding to the generators of the space (2):

αi(t) = xP ∂ft

∂xi
= xP [(1−t)

∂f

∂xi
+t

∂g

∂xi
], where < P,w >= wi andP = (P1, . . . , Pn)

We can express each αi(t), i = 1, . . . , m in terms of above mentioned fixed
basis as

αi(t) = φi1(t)e1 + . . . + φim(t)em, ∀ i = 1, . . . , m (4)
where each φij(t) is linear in t. Consider the matrix of transformation corre-
sponding to the eqs. (4)

(φij(t))m×m =




φ11(t) φ12(t) . . . φ1m(t)
...

...
. . .

...
φm1(t) φm2(t) . . . φmm(t)




having rank at most m. Note that the equality

C〈xP ∂ft

∂xi
; i = 1, . . . , n and < P,w >= wi〉 = Jf ∩Hd

w

holds for those values of t in C for which the rank of above matrix is precisely
m. We have the m ×m-matrix whose determinant is a polynomial of degree
m in t and by the fundamental theorem of algebra it has at most m roots in C
for which rank of the matrix of transformation will be less than m. Therefore,
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the above-mentioned equality does not hold for at most finitely many values,
say t1, . . . , tq where 1 ≤ q ≤ m.
It follows that the dimension of the space (2) is constant for all t ∈ C except
finitely many values {t1, . . . , tq}.
For an arbitrary smooth path

α : C −→ C\{t1, . . . , tq}

with α(0) = 0 and α(1) = 1, we have the connected smooth submanifold

P = {ft = (1− α(t))f(x) + α(t)g(x) : t ∈ C}

of Hd
w. By the above, it follows dimTft(J0.ft) is constant for ft ∈ P .

Now, to apply Mather’s lemma, we need to show that the tangent space to
the submanifold P is contained in that to the orbit J0.ft for any ft ∈ P . One
clearly has

TftP = {ḟt = −α̇(t)f(x) + α̇(t)g(x) : ∀ t ∈ C}

Therefore, by Euler formula 1, we have

TftP ⊂ Tft(J0.ft)

By Mather’s lemma the submanifold P is contained in a single orbit. Hence
the result. ¤

Corollary 3. Let f, g be two weighted homogeneous polynomials of degree d
w.r.t. weights (w1, . . . , wn). If M(f) ' M(g) (isomorphism of graded C-
algebra) then f

R∼ g.

Proof. We show firstly that an isomorphism of graded C-algebras

ϕ : M(g) =
C[x1, . . . , xn]

Jg

'−→ M(f) =
C[x1, . . . , xn]

Jf
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is induced by an isomorphism u : Cn −→ Cn such that u∗(Jg) = Jf .
Consider the following commutative diagram.

0

²²

0

²²
Jg

u∗ //

i
²²

Jf

j

²²
C[x1, . . . , xn] u∗ //

p

²²

C[x1, . . . , xn]

q

²²
M(g)

ϕ

'
//

²²

M(f)

²²
0 0

Define the morphism u∗ : C[x1, . . . , xn] → C[x1, . . . , xn] by

u∗(xi) = Li(x1, . . . , xn) =
n∑

j=1

aijx
αj

j +
∑

aik1...knxβ1

k1
. . . xβn

kn
; i = 1, . . . , n (5)

where kl ∈ {1, . . . , n} andwk1β1 + . . . + wknβn = degw(xi) = wjαj , which is
well defined by commutativity of diagram below.

xi
Â u∗ //

_

p

²²

Li_

q

²²
x̂i

Â ϕ

'
// L̂i

Note that the isomorphism ϕ is a degree preserving map and is also given
by the same morphism u∗. Therefore, u∗ is an isomorphism.

Now, we show that u∗(Jg) = Jf . For every G ∈ Jg, we have u∗(G) ∈ Jf

by commutative diagram below.

G
Â u∗//

_

p

²²

F = u∗(G)
_

q

²²

0̂
Â ϕ // F̂ = 0̂

It implies that u∗(Jg) ⊂ Jf . As u∗ is an isomorphism, therefore it is invertible
and by repeating the above argument for its inverse, we have u∗(Jg) ⊃ Jf .
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Thus, u∗ is an isomorphism with u∗(Jg) = Jf . By eq. (5), the map
u : Cn → Cn can be defined by

u(z1, . . . , zn) = (L1(z1, . . . , zn), . . . , Ln(z1, . . . , zn))

where Li(z1, . . . , zn) =
∑n

j=1 aijx
αj

j +
∑

aik1...knxβ1

k1
. . . xβn

kn
; i = 1, . . . , n,

kl ∈ {1, . . . , n} andwk1β1 + . . . + wknβn = degw(xi) = wjαj . Note that u is an
isomorphism by Prop. 3.16 see [2], p.23.

In this way, we have shown that the isomorphism ϕ is induced by the iso-
morphism u : Cn → Cn such that u∗(Jg) = Jf .

Consider u∗(Jg) =< g1 ◦ u, . . . , gn ◦ u >= Jg◦u, where gj = ∂g
∂xj

. Therefore,

Jg◦u = Jf ⇒ g◦u R∼ f , by Theorem 2. But g◦u R∼ g. It follows that g
R∼ f . ¤

Remark 1. The converse implication, namely

f
R∼ g ⇒ M(f) ' M(g)

always holds(even for analytic germs f, g defining IHS), see [2], p90.

The following Example of Gaffney and Hauser [3], suggests us that we can
not extend the Theorem 2 for arbitrary analytic germs.

Example 2. Let h : (Cn, 0) → (C, 0) be any function satisfying h /∈ Jh ⊆
On i.e. h /∈ Hd

w(n, 1;C). Define a family ft : (Cn × Cn × C, 0) → (C, 0)
by ft(x, y, z) = h(x) + (1 + z + t)h(y), and let (Xt, 0) ⊆ (C2n+1, 0) be the
hypersurface defined by ft. Note that

Jft = 〈 ∂h

∂xi
(x),

∂h

∂yj
(y), h(y)〉, t ∈ C.

On the other hand, the family {(Xt, 0)}t∈C is not trivial i.e. (Xt, 0) � (X0, 0):
For, if {ft}t∈C were trivial, we would have by Proposition 2, §1, [3]

∂ft

∂t
= h(y) ∈ (ft)+m2n+1Jft = (ft)+m2n+1Jh(x)+m2n+1Jh(y)+m2n+1(h(y))

Solving for h(y) implies either h(y) ∈ Jh(y) or h(x) ∈ Jh(x) contradicting the
assumption on h.
It follows that ft is not R-equivalent to f0.
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