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ON GROTHENDIECK-LIDSKII TRACE FORMULAS AND
APPLICATIONS TO APPROXIMATION PROPERTIES

QAISAR LATIF*?

ABSTRACT. The purpose of this short note is to consider the questions in
connection with famous the Grothendieck-Lidskii trace formulas, to give
an alternate proof of the main theorem from [10] and to show some of its
applications to approximation properties:

Theorem: Let r € (0,1],1 <p < 2,u € X*®,,X and u admits a repre-
sentation u = ) iz} ® x; with (X;) € £, (z}) bounded and (z;) € £/ (X).
If1/r4+1/2—1/p =1, then the system (u) of all eigenvalues of the cor-
responding operator o (written according to their algebraic multiplicities),
is absolutely summable and trace(u) =Y pk.
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1. INTRODUCTION

Alexander Grothendieck [3], in 1955, has proved that for any 2/3 nuclear
operator T' € L(X, X), acting on a Banach space X, the trace is well defined,
the system of its eigenvalues is absolutely summable and the (nuclear) trace
is equal to the sum of the eigenvalues. On the other hand Lidskii [8] has
proved in 1959 that for any Hilbert space H and every operator S € S1(H),
the same is true. We have proved in [9] that if 1 <p < oo and 0 < s <1 be
such that 1/s = 14 |1/2 — 1/p| then for any subspace Y of any L, space,
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the trace on N, ,(Y) is a well defined, the system of eigenvalues is absolutely
summable and moreover the trace is equal to the spectral trace i.e. the sum
of its eigenvalues. And from this the two classical results, of Grothendieck
and Lidskil, also follow.

We provide another proof of the main result of [10] mentioned below as The-
orem 1 using main theorem of our recent paper [9]. Reecall (from [9]): Let Y
be a subspace of an Ly(p), 1 <p <oo. f T'e Ny(Y), 1/s=1+11/2—1/p|,
then; (1) the (nuclear) trace of T is well defined, (2) > 07 [A(T)| < o0,
where {A,(T")} is the system of eigenvalues of the operator T (written accord-
ing in according to their multiplicities), and trace(T) = Y > A (T).

2. PRELIMINARIES

All the terminology and facts used here are standard and can be found
in [1], [2], [3] and [4]. Let X be a Banach space, we denote its closed
unit ball with By, its dual by X* and for z € X, 2/ € X* we
use the notation < 2/,z > for z/(z). For 0 < ¢ < oo, £7™(X)
and Eweal(X) together with ||(ﬂfi)||£ztrong(x) = (02, lzi]|9)e  and

[XD gy = SUbgepy. (552, < @i > )9 respectively are
Quasi- Banach spaces for 0 < ¢ < 1 and Banach spaces for 1 < ¢ < oo of
respectively the strongly ¢g-summing and weakly ¢-summing sequences. In this
article we are going to consider £ (X*) and (5eak(X), where 0 < r <1,
1 <p<2andp is the conjugate exponent of p.

For Banach spaces X and Y, consider the tensor product X *®Y and a linear
map jrp, : X' QY — L(X Y) where j,,(u = Zfilw ® zi)(z) = u(x) =
vazl < xf,x > x;. The image of this linear map consists of all the finite
rank operator from X to Y. Let 0 < r < 1 and 1 < p < 2 be such that
1/r+1/2—1/p =1 and we fix them throughout the remaining of this article.
Define a function n,., on X* ® X by:

nrp(u) = inf (H( Dis 1Hgstmn9-H(yz')filHe;;,wk(X))

U=2.i=17%;

The linear space X* ® X together with n,, is a Quasi-normed space( see for
example [1]). We denote the completion of it by X*®,,Y. A typical element
u of this space X *éﬁpY has one of its representation u = »°, #, ® y; where
()22, € £ (X) and (y;)$°, € fg’,eak (Y) or equivalently u = > o0, A&y’ @i
where (\)2, € £, (F)22, € £2°"9(X*) and (5;)°%, € E;j’,eak(X), moreover
it can also be assumed that A;’s are non-negative and decreasing. The map
Jrp: X*®Y — L(X,Y) is continuous, therefore, it can be continuously and
uniquely extended to the completion X *®r,pY. We use the same symbol
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for the extension as well. Each tensor corresponds to an operator which is
compact, has countable number of eigenvalues counted with multiplicities
and each eigenvalue has finite algebraic multiplicity.

The projective space X*®X is the completion of the finite rank operators with
the cross norm m(u) = inf{Zfil i) = w = Zfil z, ® x;} on it( see for
example [1], [5]). It is the largest space among all those which we are consider-
ing, with the greatest cross norm 7 on it [1]. That is, the space Y*@r,pX can
be embedded in Y*®X, (Jrp Y*(ENQWX — Y*®X is a continuous injection
and moreover ||j,p|| < 1). There is a continuous trace on the projective space
defined by: For u = 2, 2} ® x;,

o0
trace(u) = Z < azhmi> (1)
i=1

Therefore there is a continuous trace on X *®T7pX as well and it is defined in
the same way. The expression in (1) is independent of any representation of
u, see for example [1].

The Fredholm determinant 6(z,u) for u € X*®X is an entire funtion,
§(z,u) =1 —trace(u)z + an(u)z? + ...+ (=1) " (u)2" + . ..
where,

an(u) = Z iy Aig =+ Aiy, det(< Ty, iy >)1<a,6<n
11<19...<in
with the property that if (z;)72; be the system of zeros of §(z,u) and (u;)
be the system of non-zero eigenvalues counted with multiplicities of the
associated operator u then z; = 1/, see for example [2] about it.

oo
i=1

Two operators S € L(X,X) and T € L(Y,Y) are said to be related if
there exists A € L(X,Y) and B € L(Y,X) such that S = B o A and
T = Ao B. The related operators have many properties in common. More
can be seen in [1] and [2] about them but all we need here is a partial
case of the principle of related operators proposed by A. Pietsch in 1963
which says, with notation as above, that if S is a Riesz operator then so
is 7" and moreover they have the same non-zero eigenvalues even with the
same algebraic multiplicities. The space Ny, = jr,(X *@T,pX ) consists of
compact operators and hence Riesz, see for example [1] or [2] for more about it.

For u = Zfil ANxiQx; € X *ér,pX , the associated operator u factors through

~ Ai_, .
¢, space in the following way: u : X Ao, o —5 ¢ A, by — 4, B x
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and hence it is related to an operator T' := (A A1_,AgB : €, — 4.
Where A, is a diagonal operator with the diagonal (A7), for
s € {r,1 —r}, Ao(z) = (< 2zf,z >)2; and B(¢;)2, = Yoy iy It is
easy to see that T is s-nuclear operator and hence the main theorem from [9]

applies to it.

The projective space Y*®X, also sometimes called as classical Grothendieck
space, has the dual space L(X,Y™) with the duality given by trace, see for
example [5]. The operator JYRX — L(Y, X) is not injective in general.
A space X has classical approximation property (due to Grothendieck) if J
is injective. It was proved by A. Grothendieck, and later a short proof was
provided by Oleg Reinov [7], that every Banach space has AP35, (in our
notation). We introduce the following approximation property:

Definition. Let 0 <r <1, 1 <p <2 besuch that 1/r+1/2—-1/p=1. A
Banach space X has the approximation property of type (r,p), for short AP, ,,
iff for every Banach space Y the map j,, : Y*®,,X — L(Y, X) is injective.

Let’s mention here that Er’p = 30 Er,p- It is clear from the definition that if a
Banach space has classical AP then it also has AP, .

3. THEOREM AND ITS PROOF

The following theorem is from [10]. Another proof is provided in this note
using the main theorem of one of our recent paper [9], prinicple of related
operators and Hadamard type theorem due to Lindel6f 1905.

Theorem 1. Let r € (0,1],1 < p < 2,u € X*®,,X and u admits a repre-
sentation u = Y \ix; @ x; with (A;) € L, (x7) bounded and (z;) € £ (X). If
1/r4+1/2—1/p =1, then the system (uy) of all eigenvalues of the correspond-
ing operator u = jrjp(u) (written according to their algebraic multiplicities), is
absolutely summable and moreover

[ee]
trace(u) = Z L -
k=1

Proof. Tt is enough to consider the representation u = > ;2 Nz} ® x; such
that (27)2; € Byueor(x). Using the triangle inequality,
p/
§(z,u) <14 |trace(u)||z] + |az(w)|[z]* + ... + |on(w)||2|" + ...

where,

o ()] < D Aidp - Al det(< @, miy >)1<a,8<n]-

11<12...<in
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Now we use the Hadamard’s inequality for the determinants( which can be
found, for example, in [4], p.1018) together with the trivial embedding of
1

1
v by — 03 with [|¢]| =n»? implies that

1_1
2

n n
1
| det(< 2, iy >)1<ap<n] < [JO <), 2, > 7)2 < n"G
a=1 g=1

Therefore,

EIERN S N N e 2 VO VISP VR F7L

n=01i1<i2<...<ipn

< [T +n5 2020
n=0

o0
1_1
< eXp(Z ne 2\, |2])

n=0

= exp(>_ T IALTNL |2)

n=0
oo
1—r

= exp(Z(n)\Z)T)\mZD

n=0
oo
1—r

< exp(z el |z]) where ¢ = sup(kAj,) =
n=0 k
Now for given ¢ > 0, there exist n. € N such that: 77 A} < 3o And
now choose M := 3 >° ¢\l and therefore we have,

10(z,u)| < exp(M]z]|) for all zeC

The Fredholm determinant §(z,7) is an entire function and moreover has
zeros at (p,;1)° where (1), is the system of eigenvalues of operator .
Moreover, since % factors through ¢, spaces, therefore using the principle of
related operator and main theorem form [9], we observe that (1,)$° € ¢1. Now
use Theorem 4.8.9, p. 225 from [2] due to Lindeléf 1905 which is related to
Hadamard’s factorization theorem, to conclude:

o0

d(z,u) = H(l — lnZ2)

n=0

:1—(Z,un)z+...
n=0
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And now comparing these coefficients with the those in the definition of 4(z, u)
we obtain:

o0 o
trace(u) = Z An < X0, Ty >= Zun
n=0 n=0

Corollary 2. Every Banach space X has AP, ).

Proof. Consider u € Y*®,,X such that u = 0. Elements of the L(X,Y*")
defines a continuous linear functional on Y*®X through the trace, i.e. for
every continuous linear functional ¢ € (Y*®&X)*, there exists T € L(X,Y™*)
such that ¢(u) = trace(T o u) (see for example [1] or [5]). But it is clear
that for such an operator, the trace is not only well defined but is equal
to the sum of the eigenvalues of the corresponding operator. Coming back
to our supposition, if we insists that u # 0 then by Hahn-Banach theorem,
there exists T € L(X,Y™) such that trace(T o u) # 0, where the tensor
Tou=Y2y®T(r) € Y*®,,Y*™ C Y*®,,Y*™, then we arrive at a
contradiction since Theorem 1 forces trace(T ou) = > "2, ;i where (1;)5°,

——

is the system of eigenvalues of the associated operator T o u = T o u, because

—~

all the eigenvalues p;’s of T'o u are zero due to the operator being identically
zero on Y. Thus u # 0 and hence j, ), is injective. 0
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