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WEIGHT CHARACTERIZATION OF THE BOUNDEDNESS
FOR THE RIEMANN-LIOUVILLE DISCRETE
TRANSFORM

ALEXANDER MESKHI"?, GHULAM MURTAZA?

ABSTRACT. We establish necessary and sufficient conditions on a weight
sequence {v;}52; governing the boundedness for the Riemann-Liouville
discrete transform I, from I”(N) to I3, (N) (trace inequality), where 0 <
a < 1. The derived conditions are of D. Adams or Maz’ya—Verbitsky
(pointwise) type.

Key words: Riemann—Liouville discrete transform with product kernels,
discrete Hardy operator, discrete potentials, weighted inequality, trace
inequality.
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1. INTRODUCTION

Our aim in this paper is to characterize a weight sequence {v;}72,; for
which the operator

{Iaﬁk}nzz(’rl—]f—]{il)lo‘7 n €N,

k=1

maps boundedly from [P(N) to the weighted space If, (N), where 1 < p <
g<ooand 0 < a < 1. If p < q, then we derive necessary and sufficient
condition of D. Adams [1] type, while in the diagonal case p = ¢ we establish
Maz’ya—Verbitsky [4] type criteria guaranteeing the trace inequality for I,.
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Let 1 < p < oo. Suppose that {v}32, is a sequence of positive numbers
(weight sequence). Let If), (N) be the class of all sequences {8 }7° ; for which

00 1/p
1Bkl = (ZWMPUIC) < o0.
k=1
If vx = 1, then we denote I, (N) by IP(N).

Further, for an a.e. positive function (weight) v on Ry := (0,00), we
denote by L} (R, ) the class of all measurable functions f on R, for which

1/p
HfHLgR+):—»(L/Mf«x>wv<x>dx> .
R+

If v = 1, then we denote LY (R, ) by LP(Ry).
Continuous analog of the operator I, is the Riemann—Liouvlle transform
defined on Ry given by the formula

Raf(x):/:(xf(t?ladt, 0<a<l.

The LP — Li characterization of R, was studied in the papers [5], [3] (we
refer also [7] and the monograph [2], Ch.1). The statements derived by these
authors reed as follows:

Theorem A ([5], [7]). Let1 < p < q < o0, 1/p < o < 1. Then the
following conditions are equivalent:
(i) Ry is bounded from LP(R,) into Li(Ry) ;

(ii)
) 1 ,
B =sup </ v(z) da:) /qtl/p < 00;
t

(iii)

2k:+1

1/
By = sup / v(m)daz) Tok(@=1/p)a < o,
kez N J2k

For the case 0 < a < 1/p, there are known the following statements:

Theorem B ([3]). Let1 < p < oo and let 0 < a < %. Then the inequality

(ﬂ&m@%mmém/VMWMfeﬂﬁm
Ry Ry

holds if and only if Wov € Lfolc([RJr) and
Wa[Wovl” (z) < cWov(z) a.e.,

where
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Theorem C ([2], p. 131.) Let 1 <p<g< oo, 0 <a < 1/p. Then the
following statements are equivalent:
(i) There exists a positive constant ¢ such that for all f € LP(R,),

[Rafllzowy) < el fllzewy)s
(i)

sup (v[a;a + h)Yhe"YP < oo
0<h<a

In the paper [3] the authors applied Theorem B to prove the existence of
a positive solution for certain non—linear Volterra integral equation.
In the discrete case the following statement holds (see [6], [7]):

Theorem D. Let 1 < p < g < o0 and let 1/p < a < 1. Then the
following conditions are equivalent:
(i) The operator I, is bounded from IP(N) to I3, (N);

[e¢) v 1/q
_m 1/p .
sup (Z m(l_a)q> k < 00;

keN \ ST

2k+1 1/q
sup Z Um okler=1) « .
keZ m=9k

Our purpose in this paper is to derive the results similar to Theorems B
and C in the discrete case and to derive criteria on a weight sequence {v;};
guaranteeing the boundedness of I, from [P(N) to I¢, (N) in the case when
0 < a < 1/p. As we shall see in this case conditions on {v;};en are different
to the criteria in Theorem D.

Throughout the paper the symbol N means the set of natural numbers;
Z, :=NU{0}; p' := ]%, where 1 < p < 00; R4 := [0, 00); the characteristic
sequence X (j.q<i<b} (a and b are positive integers) is defined in the usual
way':

|1 a<i<b
X{i:agi<b} = { 0 elsewhere.

The operator formal adjoint to I}, is given by the formula:

S e = L S

k=n
Finally we point out that constants (often different constants in the same
series of inequalities) will generally be denoted by c.
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2. THE MAIN RESULTS
Now we formulate the main results of this paper.

Theorem 2.1. [Adams type characterization] Let 1 < p < q < oo and
0 < a<1/p. Then I, is bounded from IP(N) to If, (N) if and only if

m+j 1/q
B:=  sup (Z Uk> OV < 0.

mjeN; j<m \ (o,

Theorem 2.2. [Maz’ya—Verbitsky type characterization] Let 1 < p < oo
and let 0 < a < 1/p. Then the inequality

x P (0@

> (fagi) vi<ed ot (1)
(A

i=1 =1

holds for all non-negative sequences {g;}i if and only if {I v;}; < oo for all
1 € N and there is a positive constant ¢ such that

{tltwl ) < ef{fio;} (2)

7

for all i € N.

3. PROOF OF THE MAIN RESULTS

Let (X,U, ) and (Y, B, ) be measure spaces with v being o- finite. Sup-
pose that k(x,y) is a non—negative real-valued U x B— measurable function
and that

Kf(y) = / k(. ) (2)du(z)
X

is the kernel operator.
Denote:

ex(z) :={y €Y :k(z,y) > A}, ex(y) ={x e X :k(z,y) > A},
where )\ is a positive number;
M, (1) (y) == sup X pu(ea(y)); Ms(v)(z) :=sup Xv(ex(z)),
A>0 A>0

where r and s are real numbers.

To prove Theorem 2.1 we use the following statement which is a corollary
of part (ii) of Theorem A in [1].

Theorem E. Suppose that 1 < p < q < 00, 2 = ;; +1—1r, where r > 0.
If Mo (p)(y) < A<oo forally € Y; Ms(v)(x) < B < oo forallxz € X,
then the operator K is bounded from LP(X,u) to LYY,v), where LP(X, )

LYUY,v) are Lebesque spaces defined with respect to the measures p and v
respectively.
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Proof of Theorem 2.1. Sufficiency. Suppose that X =Y = N, p is the
counting measure on N and that dv(n) = vydu(n), where {v,}72, is the
weight sequence. In our case the kernel operator is given by

{Ia{gm}}n = Z k(man)gmv n €N,

m=1
where
k(m7 n) = X{mEN:lSmgn}(n —m+ 1)a—1.

Let r = L= and let £ = +1—r. That is s = 2212 > 0. We have
sup Mo (p)(n) = sup Np{meN:m <n;(n—m+1)*"1> A}
neN A<1,neN

= sup NOUpmeN:m<nn-—m+1<A}
A>1,neN

< sup kL Z 1<e

m=max{n—k,1}

Further,

sup Ms(v)(m) = sup Nv{neN:m<n;(n—m+1)"1>\}
meN A<1,meN

= sup XN UyneN:m<nn-—m+1<A}

A>1,meN
m—+k
< sup k*@D E vy <c sup Sy,
kmeN =, n<j; n.jeN

where

J
Sy = (j =+ IOV 3

m=n
Further, let m,n be positive integers satisfying the condition 1 < m < n.
Then there exists a non-negative integer kg such that 2¥0 < n—m+41 < 2ko+1,
Therefore by using the fact that 0 < ao < 1/p, we obtain that

Smn = (Z vk> (n —m+ 1)(@71/p)a
k=m

ko+2 m+2

< Z Z Uk (2k0+1)(a—1/p)q
=1 k=m+2!l—1
ko+2 m+2l
< Z vy | 21@=1/P)agl(t/p=a)ggko+1y(a=1/p)a < BY.
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Necessity: Let

ﬂ(md): 1 ifm—j<k<m
0 otherwise,

where m, j are positive integers such that 1 < j < m. Then we have

00 n (ﬁ(m’]))]f a\ 1/a m+j m 1

n=1 k=1

q\ 1/q

Y

n=m k;:m—‘j

m+j /g
> o(n)
n=m

Therefore, by the boundedness of I, we conclude that

m+j 1/q
<Zvn) jMP<e 1<j<m.
n=m

To prove Theorem 2.2 we need to prove some auxiliary statements.

Proposition 3.1. Let 1 < p < oo, and let 0 < a < 1/p. If I, is bounded
from [P(N) to I}, (N) then there exist a positive constant ¢ such that

m+h

D v <chlt (3)

holds for all positive integers m and h.

Proof. First we suppose that h < m. For the sequence g("") = X {k: m—h<k<m)
we have

1/p 1/p

("),

vV
]
&
—~
]
T
<
+
[
N
N

> c( Z vi> 1/pho‘.

Therefore, by the boundedness of 1, we get

m~+h

( > Uz‘)l/p < cht/Pe,

=m

Hence (3) holds for all positive integers m and h satisfying h < m. Now
let m < h. Then there exist a positive integer k such that 28 < h < 2F+1,
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Therefore taking into account the condition 0 < av < 1/p we obtain

m—+h k m+2¢

Z':vai < Z( Z vj>

i=1  j=m42i-1
k m-+2°

_ Z [( Z ,Uj)2i(1—ocp)2i(ozp—1)
=1 j:m+2i_1
k
< Cz2i(1—ap) < CQk(l—ap) < chl—apr.
i=1

O

Proof of necessity of Theorem 2.2. Let us first show that, from (1) it
follows that {I/v;}; < oo for all k € N. By the duality arguments (1) is
equivalent to the inequality

s , 14 e p 1—p'
Z (Iagj)i <c Zgi v o (4)
=1 =1

Let UZO) = ViX{i:m<i<m+2h} and UEZ) = ViX{i:1<i<m or i>m+2h}> where m and
h are positive integers.

Note that for k > m+2h —1and m <i < m+h, we have k —m + 1 <
2(k —i+1). Further, by using (3), we come to the estimates:

o0

{IoPy < Y wk—it1)?
k=m+2h—1

o0
< c Z vp(k —m 4+ 1)1
k=m+h
[ee] o0

C Z Uk;( Z ja—2)

k=m-+h Jj=k—m+1

IN

[e%S) Jj+m—1

e (3

j=h+1 k=m

o0
< ¢ Z O < o,
j=h+1

Therefore (I&U§2))i < 00. The fact that (Igv](l))i < o0 is obvious. Thus,

(I gvj)i < oo for every i € N because m and h are taken arbitrarily.
Now we prove that (1) yields (2). For this we need some lemmas.
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Lemma 3.2. Let 0 < o < 1. Then there are positive constants cg) and cy

depending only on « such that for all m € N the inequality

(2)

m+j—1
(T4 < V) Zf‘ (X 4) <@ B
k=m

holds, where (B, > 0.

Proof. The proof follows easily if we observe that there are positive constants
b&l) and b(o?) independent of k and m such that

Z j()z—2 S b(()él) (k -m + 1)0(—1 S bg?) Z ja_Q-
j=k—m-+1 j=k—m+1

It remains to change the order of summation.

]

Corollary 3.3. Let 0 < a« < 1, 8,, > 0. Then there are positive constants
cg) and c&) depending only on « such that for all m € N the inequality

{finp)y} < Zga Q(mi_l{fgﬂs}z’)99{1@[1;@]10’}
k=m
holds.

Let {vgl)} and {”1(2)} be defined as above. Then by using (4) we have
that

m

m-+h o m-+h
S () <o S
i=m ! i=m

Thus, by Corollary 3.3 we conclude that
+2(5-1)

(1
{I’[[’vk) } <CZJO‘ 2( Z k)gc{lévs}i.
=1
For the estimate of {I LI &v,(g )]p/}‘, we need some auxiliary statements.
3

Lemma 3.4. Let 0 < o < 1. Then there is a positive constant ¢ such that
for all natural numbers m, k and j with m < k <m+ j — 1, the inequality

), <ex (S )
s=j t=m

(2) _

holds, where vs™ = VsX{s:1<s<m or s>m+2j}-

Proof. Using the arguments of the proof of Lemma 3.2 and the fact that

(I&vgm)k = i ve(s —k+ 1)1

s=m+2j
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we have

(I;v§2>>k < ¢ i vg(s —m +1)*7!

s:m+2j

e w3

s=m+27 t=s—m+1

IN

O

Lemma 3.5. Let 0 < a < 1. Then there is a positive constant ¢ such that

{I’[I’ p’} <th0‘ 1(25“ 2( i vj)>p/

Proof. Using Lemma 3.4 in Corollary 3.3 we have that

o0 m—+t—1
{I;[I&”z@)]p/}m < tho‘_2< Z {I&vk}pl>

t=1 k=m
0 m—+t—1 00 m+s—1

< Cztcx—Q Z (Z a—2 Z ve)
t=1 k=m

(the inner sum does not depend on k)

00 o] m—+s—1 o m—+t—1

= thO‘ﬁ(Zsa*Q Z ve) ( Z 1)
t=1 s=t e=m k=m
o0 00 m+s—1 o

= tho‘_2<Zs°‘_2 Z UE) .
t=1 s=t e=m

O

Lemma 3.6. Let 0 < a < 1. Then there is a positive constant ¢ such that

+s+1 , m—+t+1

ey <czta(szsa 2 Z w) (Y ).

Proof. We will deduce the discrete case to the continuous case. Let v(x) =
vj, j <o < j+1. Then fJH (x)dz = vj. Hence, by using lemmas proved
above, the Lebesgue dlﬁ'erenuatlon theorem and integration by parts, we
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find that
{I&[I&v?)]p/}m < cina_l(ija_Q(nfjvk))p/
n=1 j=n k=m

IA IN
) )
s 119
&
Q
L
HQ
\ T
Q@Q —~
|
PN
Mi
N
?S Q
~~_ RS
U —
<
~
= i
8 e
~_
QL
N
~—
QL
)

o0 /
p'—1
< c/ma( ) x’”‘_2< ka>d$
1 z k=m
n+1 o) vl m+n+1
— / oz(/ ) a—2( E )
= ¢ T T v | dx
=15 T k=
o0 m-+n-+1

A A
o o)
WE
3 3
Q Q
VN /N
Mg “T
> =
Q |
S s
7
no
]
< ™
N—
& s
\{S ~—
3
o}
S
/N
]
=

n=1 k=n 3. i= k=m
00 00 m+k+1 1 m+n+1
= cZnO‘<Z /@O‘_Q( Z vl)) ne2 Z Vg,
n=1 k=n i=m k=m

O

Now necessity of Theorem 2.2 follows easily because we know that the
trace inequality implies (see Proposition 3.1)

m—+j
E (% S le—ozp,
k=m
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where the positive constant ¢ is independent of positive integers m and j.
Indeed, by using this inequality in Lemma 3.6 we have that

~y o) fe'e) -1 m-+n—+1
{Lme?r} < S ne (SRt 2)r) (e Y w)
n=1 k=n k=m
00 m+n+1
< cz:no‘_2 Z Uk
n=1 k=m
00 m+n-+1
< cz:(?m)a_2 Z U
n=1 k=m
00 m+j—1
< e) BGE-21"7 Y w
j=3 k=m
00 m+j—1
< e i) w
7=3 k=m
< C{I;vj}
m

In the last inequality we used Lemma 3.2, in particular, the estimate from
below.
Necessity of Theorem 2.2 is proved.

Now we prove sufficiency of Theorem 2.2. We will need some auxiliary
statements.

Lemma 3.7. Let 1 < p < oo and 0 < o < 1. Then there exists a positive
constant ¢ such that for all non-negative sequences {g;}icz and all i € N,
the following inequality holds

{Iagk}f < C{Iauagk]?_lgm}ia (5)

Proof. First we assume that {V,g;}i := {Ia[lagk/P g, }i and

{Vagi}i < {Iag}V;
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otherwise (5) is obvious for ¢ = 1. Now let us assume that 1 < p < 2. Then
we have
i i

agi}? = D= k+ 1 ge( Y-+ 1)‘“_1%)%1

k=1 Jj=1
i k B
< Y-kl (36— d e y)
k=1 j=1
ke (-0 g)
k=1 Jj=k

= 141

(2

It is obvious that if j <k <4, then kK —j+1 <i—j+ 1. Consequently,

i k _
Y < S (i—k+ 1)“91@(2% —j+ 1)“*193‘)10 = {Vagr}i-
k=1 j=1

Now we use Holder’s inequality with respect to the exponents z%’ ﬁ and
measure du(k) = (i — k + 1) g, duc(k) (here ju. is the counting measure).

We have

@ < (Z(z —k+ 1)“‘1%)2%(2 (Z(z —j+ 1)a_19j) (i—k+ 1)a_19k>p

k=1 k=1 j=k
= {Tagu}: P(J)P 7,

) 7

J=3 (Y- + 1) g )= k4 1) g
k=1 j=k
Using Fubini’s theorem we find that

Ji=> i+ 1)‘1—193-(2(1' kot 1)a—lgk).

j=1 k=1
Further, it is obvious that the following estimates
J J

S i—k+1) g < (Z(i ket 1)a‘1gk)p71{1agk}2*p

k=1 k=1 ‘
-1 2
< {Lagr¥ {lagr}; *
hold, where j < i. Taking into account the last estimate, we obtain

(365 + 0 g (Lot ) {Tos )

- i
Jj=1

Ji

IN

{Vagk}i{lagk}?ip'

—1
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Thus,
1< {LageiYy M {Lag P Vagi ™!
= {Lagi}?* T Vagi}r ™.

Combining the estimate for IV and I® we derive

{Iagk}zp < {Vagk:}i + {Iagk}ﬁ)@ip){vagk}zpil
As we have assumed that {Vagi}i < {Iagk}?, we obtain

{Vagiti = (Vage i P {Vagid! ™ < (Vagid! ™ {Iagn )77,
Hence
{TageY! < (Vagr}?  {Lage ™ + {Vagel ™ {Lag )7
= Q{Vagk}g_l{Iagk}f@_p)'

Applying the fact ( agj) < oo we find that

1
{Iagk}f < 2p-1 {Vagk}i-
Now we deal with the case p > 2. Let us assume again that
{Vagsti < {Iagj}g'
Since p > 2 we have

(2 (2 p—l

{Lugr}? = }:u—k+1w*m<§:@—j+1w*%>

k=1 j=1

IN

2P~ IZz—k‘—kl (il—j—}— j>p71

Jj=1

i o1
+2r! Z(i — k412 g (3G -5+ 1))
k=1

j=k
1.0 —14(2
= op 1M 4 op1 1),
It is clear that if j < k <, then (i —j + 1) ! < (k —j + 1)®" L. Therefore
like the case 1 < p < 2 we have that Ii(l) < AVagk }i-

Now we estimate [ 52). ‘We obtain

(}:(i—j-+1)a—5%)p_l = (}:(i—j-+l)“‘ﬂﬁ)p_2( (i—j+1)°"'g;)

=k =k j=k

{rg} S+ 1

i=k

IN
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Using Fubini’s theorem and the last estimate we have

Ii(Q) < {Iagj}j_QZ(z—k—i-l ngz—j—i-l g

k=1

- {Iaga}j QZ(Z_jJrl QJZZ_kJFl

Jj=1

p—2 ‘
< {I } —j+1)° —k+1)”
< agiy, ;(z i+ QJZJ +
Due to Holder’s inequality with respect to the exponents {p -1, Z%;} and

the measure du(j) = (i —j+1)* 'g;duc(j) (pc is the counting measure) we
derive

) % 2
1

di—j+1)* gyZ]_k+1 ng(Z(i—jJrl)“‘lgj)zf

Jj=1 J=1

¢ J p—1 =1
(S (Tu-rrva) a-srnry)
j=1 Nk=1
p=2 1
= {Tagi} " {Vagi}! ™"
Combining these estimates we obtain
p(p—2)
{Iagj}; <277 I{Vagj}z + 2P I{Iagﬂ} v {Vagj}p o
By virtue of the inequality {Vag;}i < {Ing;}? it follows that

2 p(p—2)

{Vagjti = {Vagj}! 71{Vagj}p < {Vag;}/ 71{1&93} r

Hence

1 % p(p712) % P(P*f)
{Iagj}f < 2P~ ({Vagj};F {Iagj}i 4+ {Vagj}izF {Iagj}i - )

1 p(p—2)

= 2 {Vag;}/ " {Lagih; " -
Further, from the last estimate we conclude that
{Iagi}y < 277" {Vag;}i,
where 2 < p < o0. O

Lemma 3.8. Let 1 < p < oo, 0 < a <1 and v; be a sequence of positive
numbers on N. Let there exist a constant ¢ > 0 such that the inequality

o {gz}Hzf’ )< ctllgillmoy s {olV} = {Los)y
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holds for all sequences g; € IP(N). Then
Hafgit e oy < c2lgillwgy» 9i € P(N),

1 /
where cp = 01/p cl/m.

Proof. Let g; > 0. Using Lemma 3.7, Fubini’s theorem and Holder’s in-
equality we derive

00 © k
D ALagsthoe < DY {lagi ¥ ik —i+ 1) oy
k=1

k=1 1i=1

= Z{Iag]}p 192{1 viti

< (Zgz)/p(Z“agf )"
= c HgiHlP(IN) HI&giH P

—1

< o clgillwo IIQzHZP N)
-1

= C117 CHgi”lp(N)

Hence,

1 /
1/p /e

Hagillm ou) < ¢ 1951120 ()

O

Lemma 3.9. Let 0 < a < 1 and 1 < p < co. Suppose that {I vs}; < oo

and
{I&[I(’lvs]p/}' <ec {I&vi}'

for alli € N. Then we have

o {gz}HzP s = cllgillig > 9i € P(N), (6)

where {vi}; = {I&vs}f/.

Proof. Let g; > 0 and let g; be supported on the set E,, = {i : 1 <
i < m}, where m is a natural number. Let tZ(Z) = X{ji<j<iy min{ (i — j +

1)*1 n}, n € N. Then using Lemma 3.7 (which is true also for the kernel

()

t; ] ), Fubini’s theorem and Hoélder’s inequality we obtain the following chain
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IN

of inequalities:
J

i(g&;%) v; CZ(Zt( <Zt ) J) (1

i=1 i=1 j=1 k=1

< ng](zt]kgk>p (Zt n) (1))
7j=1
m J / /
< el (30 (X da) {ie )"
j=1 k=1
m J . '\ 1/p
< el (2 (X ta) {1} )"
j=1 k=1
Since E kgk < oo and {I}vs}; < oo for all j, therefore we have that
() . /
(Z (Zt( )93> z( ))1 "< cllgillwy -
i=1  j=1
Passing now by m and n to +oo we derive (6). O

Combining these lemmas we have also sufficiency of Theorem 2.2. Theo-
rem 2.2 is completely proved.

Acknowledgement. The first author was partially supported by the
Shota Rustaveli National Science Foundation grant (Project No. GNSF/
ST09.23_3-100).

The part of this work is carried out at Abdus Salam School of Mathe-
matical Sciences, GC University, Lahore. The authors are thankful to the
Higher Education Commission, Pakistan for the financial support.

The authors are grateful to the anonymous referee for carefully reading
the manuscript and useful remarks.

REFERENCES

[1] D. Adams. A trace inequality for generalized potentials. Studia Math. 48(1973), 99-
105.

[2] D. E. Edmunds, V. Kokilashvili and A. Meskhi, Bounded and compact integral opera-
tors, Kluwer Academic Publishers, Dordrecht, Boston, London, 2002.

[3] V. Kokilashvili and A. Meskhi, On a trace inequality for one-sided potentials and ap-
plications to the solvability of nonlinear integral equations. Georgian Math. J. 8(2001),
No. 3. 521-536.

[4] V. G. Maz’ya and I. E. Verbitsky, Capacitary inequalities for fractional integrals,
with applications to partial differential equations and Sobolev multipliers. Ark. Mat.
33(1995), 81-115.



50 Alexander Meskhi, Ghulam Murtaza

[5] A. Meskhi, Solution of some weight problems for the Riemann-Liouville and Weyl
operators, Georgian Math. J. 5(1998), No. 6, 565-574.

[6] A. Meskhi, On the boundedness and compactness criteria for the Riemann—Liouville
type discrete operator. Proc. A. Razmadze Math. Inst. 126(2001), 117-119.

[7] D. V. Prokhorov, On the boundedness of a class of integral operators. J. London Math.
Soc. 61(2000), No.2, 617-628.



