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Abstract

In this paper, we introduce and study the notions of pseudospectrum, condition pseudospectrum of non-
archimedean matrices and pseudospectrum of non-archimedean matrix pencil. Many results are proved and
we give some examples.
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1. Introduction and Results

Throughout this paper, K is a non-archimedean (n.a) non trivially complete valued field with valuation
| · |, Mn(K) denote the space of all n × n matrices over K, Qp is the field of p-adic numbers. Ingleton [5]
showed that:

Theorem 1.1. Let X be a n.a Banach space. For all x ∈ X\{0} there is ξ ∈ X ′ such that ξ(x) = 1 and
∥ξ∥ = ∥x∥−1.

We introduce the following definitions.

Definition 1.2. Let A ∈ Mn(K). The spectrum of matrix A is given by

σ(A) = {λ ∈ K : (A− λI) is not invertible}.
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Definition 1.3. Let A,B ∈ Mn(K) and ε > 0. The pseudospectrum σϵ(A) of matrix A is defined by

σϵ(A) = σ(A) ∪ {λ ∈ K : ∥(A− λI)−1∥ > ε−1}.

The pseudoresolvent ρϵ(A) of matrix A is defined by

ρϵ(A) = ρ(A) ∩ {λ ∈ K : ∥(A− λI)−1∥ ≤ ε−1},

by convention ∥(A− λI)−1∥ = ∞ if, and only if, λ ∈ σ(A).

In particular case of [[1], Proposition 3.2], we have:

Proposition 1.4. Let A ∈ Mn(K) and ε > 0, we have

(i) σ(A) =
⋂
ε>0

σε(A).

(ii) For all ε1 and ε2 such that 0 < ε1 < ε2, σ(A) ⊂ σε1(A) ⊂ σε2(A).

In particular case of [[1], Theorem 3.4], we have:

Theorem 1.5. Let X be a n.a finite dimensional over Qp such that ∥X∥ ⊂ |Qp|, let A ∈ L(X) and ε > 0.
Then,

σε(A) =
⋃

∥C∥<ε

σ(A+ C).

We have some examples of non-archimedean pseudospectrum of matrices.

Example 1.6. Let K = Qp and ε > 0. If

A =

(
λ1 0
0 λ2

)
, λ1, λ2 ∈ Qp\{0}.

Then

σε(A) = σ(A) ∪ {λ ∈ Qp : ∥(A− λI)−1∥ >
1

ε
}

= {λ1, λ2} ∪ {λ ∈ Qp : max{ 1

|λ1 − λ|
,

1

|λ2 − λ|
} >

1

ε
}.

Example 1.7. Let K = Qp and ε > 0. If

A =

(
1 3
0 1

)
∈ M2(Qp).

Then

σε(A) = σ(A) ∪ {λ ∈ Qp : ∥(A− λI)−1∥ >
1

ε
}

= {1} ∪ {λ ∈ Qp : max{ 1

|1− λ|
,

|3|
|(1− λ)2|

} >
1

ε
}.

Example 1.8. Let K = Qp and ε > 0. If

A =

(
1 1
1 1

)
∈ M2(Qp).

Consequently

σε(A) = σ(A) ∪ {λ ∈ Qp : ∥(A− λI)−1∥ >
1

ε
}

= {0, 2} ∪ {λ ∈ Qp : max{ 1

|λ(2− λ)|
,

|1− λ|
|λ(2− λ)|

} >
1

ε
}.
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The following definition is introduced.

Definition 1.9. Let A ∈ Mn(K) and ε > 0. The condition pseudospectrum of matrix A is given by

Λϵ(A) = σ(A) ∪ {λ ∈ K : ∥(A− λI)∥∥(A− λI)−1∥ > ε−1}

by convention ∥(A− λI)∥∥(A− λI)−1∥ = ∞, if and only if λ ∈ σ(A).
The pseudoresolvent of matrix A is K\Λϵ(A).

In particular case of [2], Proposition 2.2 (i). We have:

Proposition 1.10. Let A ∈ Mn(K). For all ε > 0, we have:

(i) σ(A) =
⋂

0<ε<1

Λε(A).

(ii) If 0 < ε1 < ε2, then σ(A) ⊂ Λε1(A) ⊂ Λε2(A).

From Theorem 2.1 of [2], we have:

Lemma 1.11. Let X be a n.a finite dimensional Banach space over K, let A ∈ L(X) and ε > 0. Then
λ ∈ Λϵ(A) \ σ(A) if, and only if, there is x ∈ X such that

∥(A− λI)x∥ < ε∥A− λI∥∥x∥.

The following theorem is a particular case of [[2], Proposition 2.3].

Theorem 1.12. Let A ∈ Mn(K) be invertible and A−1 ∈ Mn(K) and ε > 0 and k = ∥A−1∥∥A∥. Then,

λ ∈ Λε(A
−1)\{0} if and only if

1

λ
∈ Λεk(A)\{0}.

In the following theorem, we investigate the relation between the condition pseudospectrum and the
usual spectrum in K.

Theorem 1.13. Let A ∈ Mn(K) and λ ∈ K and ε > 0. If there is C ∈ Mn(K) such that ∥C∥ < ε∥A−λI∥
and λ ∈ σ(A+ C). Then, λ ∈ Λε(A).

Proof. Suppose that there is C such that ∥C∥ < ε∥A−λI∥. If λ ̸∈ Λε(A), hence λ ∈ ρ(A) and ∥A−λI∥∥(A−
λI)−1∥ ≤ ε−1.
Consider D defined on X by

D =
∞∑
n=0

(A− λI)−1

(
− C(A− λI)−1

)n

. (1.1)

One can see that D = (A− λI)−1(I + C(A− λI)−1)−1. Hence there is y ∈ X such that

D(I + C(A− λI)−1)y = (A− λI)−1y. (1.2)

We put x = (A − λI)−1)y. We have that for each x ∈ X, D(A − λI + C)x = x. Moreover, for all
x ∈ X, (A− λI + C)Dx = x. Thus, we conclude that (A− λI + C) is invertible and D = (A− λI + C)−1,
contradiction. Then λ ∈ Λε(A).

We set Cε(X) = {C ∈ L(X) : ∥C∥ < ε∥A−λI∥}. The following result is a particular case of [[2], Theorem
2.4].
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Theorem 1.14. Let X be a n.a finite dimensional Banach space over Qp such that ∥X∥ ⊂ |Qp|, let A ∈ L(X)
and ε > 0. We have,

Λε(A) =
⋃

Cε(X)

σ(A+ C).

Proof. Let λ ∈
⋃

Cε(X)

σ(A + C). If λ ∈ ρ(A) and ∥A − λB∥∥(A − λB)−1∥ ≤ ε−1. Consider D defined on X

given by

D =
∞∑
n=0

(A− λI)−1

(
− C(A− λI)−1

)n

. (1.3)

With simple calculation we have D = (A − λB)−1(I + C(A − λI)−1)−1. Then there is y ∈ X such that
D(I +C(A−λB)−1)y = (A−λI)−1y. We set x = (A−λI)−1)y. Hence for all x ∈ X, D(A−λI +C)x = x.
Consequently, for each x ∈ X, (A−λI+C)Dx = x. Thus, (A−λI+C) is invertible and D = (A−λI+C)−1.
Conversely, suppose that λ ∈ Λε(A). If λ ∈ σ(A), we put C = 0. If λ ∈ Λε(A) and λ ̸∈ σ(A). By Lemma
1.11 and ∥X∥ ⊂ |Qp|, there is x ∈ X such that ∥x∥ = 1 and ∥(A− λI)x∥ < ε∥A− λI∥.
By Theorem 1.1, there is ϕ ∈ X ′ such that ϕ(x) = 1 and ∥ϕ∥ = ∥x∥−1 = 1. Consider the operator C defined
on X by for all y ∈ X, Cy = −ϕ(y)(A − λI)x. We have that ∥C∥ < ε∥A − λI∥. Hence, ∥C∥ < ε∥A − λI∥
and D(C) = X. Thus, for all x ∈ X, (A− λI + C)x = 0. So, (A− λI + C) is not invertible. Consequently,

λ ∈
⋃

Cε(X)

σ(A+ C).

Example 1.15. Let a, b ∈ Qp with a ̸= b. If

A =

(
a 0
0 b

)
,

then σ(A) = {a, b} and
∥A− λI∥ = max{|a− λ|, |b− λ|}.

Hence

∥A− λI∥∥(A− λI)−1∥ = max
{ |a− λ|
|b− λ|

,
|b− λ|
|a− λ|

}
.

Thus, the condition pseudospectrum of A is

Λε(A) = {a, b} ∪ {λ ∈ Qp :
|a− λ|
|b− λ|

>
1

ε

}
∪ {λ ∈ Qp :

|b− λ|
|a− λ|

>
1

ε

}
.

We have the following propositions.

Proposition 1.16. Let A ∈ Mn(K) and for every 0 < ε < 1 such that ε < ∥A− λI∥. Then,

(1) λ ∈ Λε(A) if, and only if, λ ∈ σε∥A−λI∥(A).

(2) λ ∈ σε(A) if, and only if, λ ∈ Λ ε
∥A−λI∥

(A).

Proof. (1) Let λ ∈ Λε(A), then λ ∈ σ(A) and ∥(A− λI)∥∥(A− λI)−1∥ > ε−1. Hence λ ∈ σ(A) and ∥(A−
λI)−1∥ > 1

ε∥(A−λI)∥ . Consequently, λ ∈ σε∥A−λI∥(A). The converse is similar.

(2) Let λ ∈ σε(A), then, λ ∈ σ(A) and ∥(A− λI)−1∥ > ε−1. Thus

λ ∈ σ(A) and ∥(A− λI)∥∥(A− λI)−1∥ >
∥(A− λI)∥

ε
.

Then, λ ∈ σ ε
∥A−λB∥

(A). The converse is similar.
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The following proposition is a particular case of [[2], Proposition 2.2 (iii)].

Proposition 1.17. Let A ∈ Mn(K) and ε > 0. If α, β ∈ K, with β ̸= 0 then Λε(βA+ αI) = α+ βΛε(A).

We have the following theorem.

Theorem 1.18. Let A,C, V ∈ Mn(K) and V be invertible. If C = V −1AV. Then, for all 0 < ε < 1,
k = ∥V −1∥∥V ∥ and 0 < k2ε < 1, we have

Λ ε
k2
(C) ⊆ Λε(A) ⊆ Λk2ε(C).

Proof. Let λ ∈ Λ ε
k2
(C), we have λ ∈ σ(C)

(
= σ(A)

)
and

k2

ε
< ∥C − λI∥∥(C − λI)−1∥ = ∥V −1

(
A− λI

)
V ∥∥V −1

(
A− λI

)−1
V ∥

≤
(
∥V ∥∥V −1∥

)2
∥
(
A− λI

)
∥∥
(
A− λI

)−1
∥

≤ k2∥
(
A− λI

)
∥∥
(
A− λI

)−1
∥.

Or, k2 > 0, then, λ ∈ Λε(A,B). Hence, Λ ε
k2
(C) ⊆ Λε(A).

Let λ ∈ Λε(A). Then, λ ∈ σ(C)
(
= σ(A)

)
and

1

ε
< ∥A− λI∥∥(A− λI)−1∥ = ∥V

(
C − λI

)
V −1∥∥V

(
C − λI

)−1
V −1∥

≤
(
∥V ∥∥V −1∥

)2
∥
(
C − λI

)
∥∥
(
C − λI

)−1
∥

≤ k2∥
(
C − λI

)
∥∥
(
C − λI

)−1
∥.

Hence, λ ∈ Λk2ε(C, B). Consequently Λε(A,B) ⊆ Λk2ε(C,B).

For B = I, we have the following example.

Example 1.19. Let A ∈ B(Kn) be diagonal operator such that for all i ∈ {1, · · · , n}, Aei = aiei, with
(ai)i∈{1,··· ,n} ⊂ Qp. Then

σ(A) = {ai : i ∈ {1, · · · , n}}

and for all λ ∈ ρ(A), we have:

∥(A− λ)−1∥ = sup
i∈{1,··· ,n}

∥(A− λ)−1ei∥
∥ei∥

= sup
i∈{1,··· ,n}

∣∣∣∣ 1

ai − λ

∣∣∣∣ = 1

inf
i∈{1,··· ,n}

|ai − λ|
.

Hence, for all i, j ∈ {1, · · · , n},{
λ ∈ Qp : ∥(A− λ)∥∥(A− λ)−1∥ >

1

ε

}
=

⋃
i, j i ̸=j

{
λ ∈ Qp :

|ai − λ|
|aj − λ|

>
1

ε

}
.

Consequently,

σε(A) = {ai : i ∈ {1, · · · , n}} ∪
⋃

i, j i ̸=j

{
λ ∈ Qp :

|ai − λ|
|aj − λ|

>
1

ε

}
.

We introduce the following definitions.
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Definition 1.20. Let A,B ∈ Mn(K), the spectrum σ(A,B) of matrix pencil (A,B) or of the pair (A,B)
is defined by

σ(A,B) = {λ ∈ K : A− λB is not invertible in L(X)},
= {λ ∈ K : 0 ∈ σ(A− λB)}.

The resolvent set ρ(A,B) of matrix pencil (A,B) is the complement of σ(A,B) in K given by

ρ(A,B) = {λ ∈ K : Rλ(A,B) = (A− λB)−1 exists in Mn(K)}.

Rλ(A,B) is called the resolvent of matrix pencil (A,B).

Definition 1.21. Let A,B ∈ L(X), the couple (A,B) is said to be regular, if ρ(A,B) ̸= ∅.

For a regular couple (A,B), we have

Definition 1.22. Let A,B ∈ Mn(K) and ε > 0. The pseudospectrum of matrix pencil (A,B) on X is
defined by

σϵ(A,B) = σ(A,B) ∪ {λ ∈ K : ∥(A− λB)−1∥ > ε−1}.

The pseudoresolvent of matrix pencil (A,B) is denoted by

ρϵ(A,B) = ρ(A,B) ∩ {λ ∈ K : ∥(A− λB)−1∥ ≤ ε−1},

by convention ∥(A− λB)−1∥ = ∞ if, and only if, λ ∈ σ(A,B).

We introduce a new definition of pseudospectrum of matrix pencil in non-archimedean case.

Definition 1.23. Let A,B ∈ Mn(K) and ε > 0. The pseudospectrum of matrix pencil (A,B) on X is
defined by

Σϵ(A,B) = σ(A,B) ∪ {λ ∈ K : ∥(A− λB)−1B∥ > ε−1}.

By convention ∥(A− λB)−1B∥ = ∞ if, and only if, λ ∈ σ(A,B).

Remark 1.24.

(i) If B = I, then, Σε(A, I) = σε(A) where σε(A) is pseudospectrum of A.

In the rest of this paper, we assume that (A,B) is regular. The next proposition gives a comparison
between σε(A,B) and Σε(A,B).

Proposition 1.25. Let A,B ∈ Mn(K). Then for all ε > 0,

Σε(A,B) ⊂ σε∥B∥(A,B).

Proof. Let ε > 0 and λ ∈ Σε(A,B), then λ ∈ σ(A,B) and

1

ε
< ∥(A− λB)−1B∥ (1.4)

≤ ∥(A− λB)−1∥∥B∥. (1.5)

Hence
1

∥B∥ε
< ∥(A− λB)−1∥.

Thus λ ∈ σε∥B∥(A,B). Consequently

Σε(A,B) ⊂ σε∥B∥(A,B).
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We have the following lemma.

Lemma 1.26. Let A,B ∈ Mn(K) such that ∥B∥ = 1. Then for all ε > 0,

Σε(A,B) ⊂ σε(A,B).

We have the following theorem.

Theorem 1.27. Let A,B,C ∈ Mn(K) such that C is invertible. Then

(1) For all ε > 0, Σε(A,B) = Σε(CA,CB).

(2) For all ε > 0, Σε(A,C) = σε(C
−1A). In particular C = I, Σε(A, I) = σε(A).

Proof. (1) For all λ ∈ ρ(A,B), we have (A−λB)−1C−1 = (CA−λCB)−1. Then, σ(A, B) = σ(CA, CB).
In addition, it is clear that

∥(CA− λCB)−1CB∥ = ∥(A− λB)−1B∥. (1.6)

Hence λ ∈ Σε(A, B), if, and only if, λ ∈ Σε(CA, CB).

(2) Assume that C is invertible, then (A− λC)−1C = (C−1A− λI)−1. Then λ ∈ Σε(A, C), if and only if
λ ∈ σε(C

−1A).

Proposition 1.28. Let A,B ∈ Mn(K). For all ε > 0, we have

(i) σ(A,B) =
⋂
ε>0

Σε(A,B).

(ii) If 0 < ε1 < ε2, then σ(A,B) ⊂ Σε1(A,B) ⊂ Σε2(A,B).

Proof. (i) By Definition 1.23, we have for all ε > 0, σ(A, B) ⊂ Σε(A, B). Conversely, if λ ∈
⋂
ε>0

Σε(A, B),

then for all ε > 0, λ ∈ Σε(A, B). If λ ̸∈ σ(A, B), then λ ∈ {λ ∈ K : ∥(A− λB)−1B∥ > ε−1}, taking
limits as ε → 0+, we get ∥(A− λB)−1B∥ = ∞. Thus λ ∈ σ(A, B).

(ii) For 0 < ε1 < ε2. Let λ ∈ σε1(A, B), then ∥(A− λB)−1B∥ > ε−1
1 > ε−1

2 . Hence λ ∈ σε2(A, B).

We have the following examples.

Example 1.29. Let K = Qp.

(i) If

A =

(
0 0
0 1

)
and B =

(
2 0
0 0

)
∈ M2(Qp).

One can see that for all λ ∈ Qp, det(A− λB) = −2λ, then σ(A,B) = {0}. Also we have

(A− λB)−1B =

(−1
λ 0
0 0

)
,

thus, for all ε > 0, Σε(A,B) = {0} ∪ {λ ∈ Qp : |λ|p < ε}.
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(ii) If

A =

(
1 1
0 1

)
and B =

(
1 0
0 2

)
∈ M2(Qp).

Then, for all λ ∈ Qp, det(A− λB) = (1− λ)(1− 2λ), hence σ(A,B) = {1
2 , 1} and

∥(A− λB)−1B∥ = max
{ 1

|λ− 1|
,

1

|λ− 1||1− 2λ|
,

1

|1− 2λ|

}
.

Hence, the pseudospectrum of (A,B) is

Σε(A,B) = {1
2
, 1} ∪

{
λ ∈ Qp : max

{ 1

|λ− 1|
,

1

|λ− 1||1− 2λ|
,

1

|1− 2λ|

}
>

1

ε

}
.
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